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1. Introduction

Homotopy Quantum Field Theories (HQFTs) introduced in [7] generalize Topolog-
ical Quantum Field Theories to manifolds and cobordisms endowed with homotopy
classes of maps to a fixed target space. We focus here on 3-dimensional HQFT's with
target space the (pointed) Eilenberg-MacLane space K (G, 1), where G is a discrete
group. Note that the homotopy classes of maps from a manifold M to K (G, 1) bijec-
tively correspond to isomorphism classes of principal G-bundles over M. In [9], we
defined spherical G-fusion categories over a commutative ring k and showed that
such a category C satisfying a non-degeneracy condition determines a 3-dimensional
HQFT |- |¢ over k. The non-degeneracy condition in question requires the dimen-
sion dim(Cy) € k of the neutral component C; of C to be invertible in k. The con-
struction of |- |¢ uses Turaev—Viro-Barrett—Westbury-type state sums on skeletons
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of 3-manifolds. In [I1], we defined G-modular categories over k and showed that
any such category B endowed with a square root of dim(B;) in k determines a
3-dimensional HQFT 75 over k. The construction of 75 uses Reshetikhin—Turaev-
type surgery formulas. The main result of this paper is an isomorphism between
the HQFTs | - |¢ and 75 provided B = Z¢(C) is the G-center of C and k is an
algebraically closed field.

To be more specific, consider the cobordism category Cob® whose objects are
G-surfaces, that is, pointed closed oriented surfaces endowed with homotopy classes
of maps to K(G,1). Morphisms in Cob® are represented by G-cobordisms defined
as compact oriented 3-dimensional cobordisms endowed with homotopy classes of
maps to K (G, 1) (for a precise definition of Cob®, see Sec. ). The category Cob®
has a natural structure of a symmetric monoidal category. For a commutative ring k,
the category Modyg of k-modules and k-homomorphisms is a symmetric monoidal
category with monoidal product ®; and unit object k. A 3-dimensional HQFT
over k is a symmetric strong monoidal functor Cob® — Modi. Two such HQFTs
are isomorphic if they are isomorphic as symmetric monoidal functors. Note that a
precise definition of a 3-dimensional HQF'T involves Lagrangian spaces in homology
of surfaces and p;-structures in cobordisms (see [7]). However, the HQFTs studied
in this paper do not depend on this data and we ignore it from now on.

We now state our main results. Consider an additive spherical G-fusion cat-
egory C = @g4ecqCy over an algebraically closed field k such that dim(Ci) # 0.
Consider the center Z5(C) = ®4ecq Z4(C) of C relative to C; (see [3] for finite G
and [I0] for all G). By [10], Z¢(C) is an additive G-modular category. Thus, C gives
rise to two 3-dimensional HQFTs over k: the state sum HQFT |-|¢ and the surgery
HQFT 7z (c) determined by the square root dim(C) of dim(Z,(C)) = (dim(C))*.

Theorem 1.1. For any additive spherical G-fusion category C = ©4eq Cqy over an
algebraically closed field k with dim(Cy1) # 0, the state-sum HQFT |- |c and the
surgery HQFT Tz, ) are isomorphic.

Theorem [[LT] means that for each G-surface ¥ there is a k-linear isomorphism
of modules |Y|¢ =~ 7z, (c)(X) so that the resulting family of isomorphisms is com-
patible with disjoint unions of G-surfaces and the action of G-cobordisms. For a
closed oriented 3-manifold M endowed with a homotopy class of maps to K (G, 1),
Theorem [[1] gives

|Mlc = Tz4)(M) € k.

For G = {1}, Theorem [[.T] was established in [8] and independently in [IJ.

Our proof of Theorem [[Tlis based on a study of graph HQFTs over an arbitrary
crossed G-graded category B. First, we introduce B-colored G-graphs in 3-manifolds
(see Secs. Ml and [B)) and B-colored G-surfaces (see Sec. [0)). Next, we define a sym-
metric monoidal category Cobg whose objects are B-colored G-surfaces and whose
morphisms are certain equivalence classes of B-colored G-graphs in 3-dimensional
cobordisms (see Sec. [Ifor a detailed, though somewhat tedious, definition of Cob).
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A graph HQFT over B is then a symmetric strong monoidal functor Cobg — Modg
(see Sec. [{). Two graph HQFTs over B are isomorphic if they are isomorphic as
symmetric monoidal functors. Note that the category Cob® is a (non-full) subcat-
egory of Cobg. Consequently, any graph HQFT restricts to an HQFT, and any
isomorphic graph HQFTs restrict to isomorphic HQFTs. We deduce Theorem [Tl
from the following stronger claim whose proof occupies Secs. [OHI2l

Theorem 1.2. Under the assumptions of Theorem [Tl the state-sum HQFT |- |c
and the surgery HQFT Tz c) extend to isomorphic graph HQFTs over Zg(C).

Theorem is the main result of this paper and is a combination of several
claims established in Sec. and of Theorems R and The extension of the
state sum HQFT to a graph HQFT (Theorem [R]) uses an invariant of colored
knotted nets in the 2-dimensional sphere (see Sec. @) which plays the role of the
familiar 6j-symbols. The comparison of the surgery and state sum graph HQFT's
(Theorem [B2)) is based on a surgery formula for graph HQFTs via so-called torus
vectors (see Sec. [[T)).

The language of graded monoidal categories used in this paper is briefly recalled
in Sec. Pland in Appendix A to this paper.

We fix throughout this paper a nonzero commutative ring k, a discrete group G,
and an Eilenberg-MacLane space X = K (G, 1) with base point x € X. Thus, X is
a connected aspherical CW-space and m (X,x) = G.

2. Graded Monoidal Categories

We recall the basic notions of the theory of graded and crossed categories referring

to [2 4 [7, [TOHI2] for details and proofs.

2.1. Pivotal categories

A pivotal category is a monoidal category C = (C, ®, 1) such that each object X of
C has a dual object X* € C and four morphisms

evy : X*®@X —1, coevy:1— X® X",
vy X®X"—1, coevy:1— X*®X,

satisfying several conditions which say, in summary, that the associated left/right
dual functors coincide as monoidal functors. In particular, each morphism f : X —
Y in C has a dual morphism f*:Y™* — X* computed by

f* = (eVY ® ldX*)(ldy* ® f ® ldX*)(ldy* ® COGVX)
= (idx+ ® 6vy)(idx- ® f @ idy+)(coevx ® idy+).

We shall omit brackets in monoidal products and suppress the associativity con-
straints (X ®@Y)® Z 2 X ® (Y ® Z), the unitality constraints X @ 1 2 X 2 1® X,
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and the duality constraints X* @ Y* = (Y ® X)* and 1* = 1. This does not lead
to ambiguity because by the Mac Lane coherence theorem, all legitimate ways of
inserting these constraints give the same results.

The left and right traces of an endomorphism f of an object X of a pivotal
category C are defined by

tr(f) =evx(idx+ @ f)coevy and tr.(f) =eévx(f ® idx-)coevx.

Both traces take values in the commutative monoid End¢(1). The left and right
dimensions of an object X € C are defined by

dimy (X)) = tr;(idx) € Ende(1) and  dim,(X) = tr,(idx) € Ende(1).

A spherical category is a pivotal category such that the left and right traces of
any endomorphism of any object are equal. In a spherical category, the trace of an
endomorphism f and the dimension of an object X are defined by

tr(f) = tr(f) = tr.(f) and dim(X) = dim;(X) = dim,(X).

2.2. Linear categories

A monoidal category C is k-linear if for all X, Y € C, the set Hom¢ (X,Y) carries a
structure of a left k-module so that both the composition and the monoidal product
of morphisms are k-bilinear. Note that then the monoid End¢ (1) is a commutative
k-algebra.

In the rest of this section, we focus on k-linear pivotal categories. For such a
category C, we let Aut(C) be the category of pivotal strong monoidal k-linear auto-
equivalences of C. The objects of the category Aut(C) are pivotal strong monoidal
functors C — C which are k-linear on the Hom-sets and are equivalences of cate-
gories. The morphisms in Aut(C) are monoidal natural isomorphisms of such func-
tors. Then Aut(C) is a strict monoidal category with monoidal product being the
composition of functors and monoidal unit being the identity endofunctor of C.

2.3. Graded categories

In this paper, by a G-graded category C (over k), we mean a k-linear pivotal category
endowed with pairwise disjoint full subcategories {Cq }aeca such that

(i) if X € C, and Y € Cg with « # 3, then Home(X,Y) = 0;

(ii) if X € Co and Y € Cg, then X @ Y € Cop;
(iii) the unit object 1 of C belongs to C; where 1 € G is the group unit;
(iv) if X € Cq, then X* € C,-1.

The category C; corresponding to 1 € G is called the neutral component of C.

An object X of a G-graded category C is homogeneous if X € C, for some
« € G. Such an « is then uniquely determined by X and is denoted by |X|. We
let Chom = Hyeg Co be the full subcategory of homogeneous objects of C. Clearly,
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Chom s itself a G-graded category and (Chom)hom = Chom. Note that two objects
X € C,, Y € Cg with a # 8 may be isomorphic but then both are zero objects in
the sense that idx = 0 and idy = 0.

A G-graded category C is additive if any finite (possibly empty) family of objects
of C has a direct sum in C. In this case, we write C = ®eq Co.-

2.4. Crossed categories

Let G be the category whose objects are elements of the group G' and morphisms
are identities. We view G as a strict monoidal category with monoidal product
a® B =paforall a,0 € G.

A crossing® of a G-graded category C is a strong monoidal functor ¢ : G —
Aut(C) such that ¢ (C3) C Co-154 for all o, f € G. The condition that ¢, : C — C
is a pivotal strong monoidal functor means that it comes equipped with natural
isomorphisms

(Pa)o 1 1 = pa(l),
(Pa)2 = {(¥a)2(X,Y) 1 0a(X) ® pa(Y) —= pa(X @ Y)}x vec,
Yo = {pa(X):9a(X7) = (pa(X)) }xec-

The condition that the functor ¢ : G — Aut(C) is strong monoidal means that it
comes equipped with natural isomorphisms

2 = {pa(e, B) = {p2(a, B) x : papp(X) = vga(X)}xecta,pec
o = {(po)x : X = 01(X)}xec-

These isomorphisms should satisfy appropriate compatibility conditions, see [I1].

A G-crossed category (C, ) is a pair consisting of a G-graded category C and
a crossing ¢ of C. Then for any o € G and any integer n > 3, we have a natural
transformation

(Pa)n = {(Pa)n (X1, o, Xn) 1 0a(X1) @ @ a(Xn) = @a(X1 @@ Xp)},

where X1, ..., X, € C. It is obtained by composing monoidal products of the trans-
formations (¢, )2 and the identity morphisms. For instance, for n = 3,

(¢a)3(X1, X2, X3) = (pa)2(X1, X2 @ X3)(idy,, (x,) @ (Pa)2(X2, X3))-

We can also use ¢ to transform certain isomorphisms in C. Namely, for any isomor-
phism ¢ : X — ¢ (V) with X, Y € C and a € G, we let ™ : X* — ¢, (Y™*) be the
composition of the isomorphisms

W RCHC .
X* ———— (pa(Y))* ———pa(Y7).

In this context, we will sometimes write ¢+ for 1.

2In this paper, crossings correspond to pivotal crossings in [10} [IT].
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2.5. Braided and ribbon graded categories

A G-braiding® of a G-crossed category (C, ) is a family of isomorphisms

T={mxy : X®Y =Y ®@¢y|(X)}xece,yeChom>

which is natural in X, Y and satisfies three conditions: two of them generalizing
the usual braiding relations in braided monoidal categories and the third condition
relating 7 and ¢, see [I1] for details. A G-braided category is a G-crossed category
endowed with a G-braiding.

The twist of a G-braided category (C,y,7) is the natural isomorphism 6 =
{0x}xeCion defined by

Ox = (eVX ®idap‘x‘(X))(idX* ®TX,X)(C/(%§7X ®idx) X — QD‘X|(X).

A G-ribbon category is a G-braided category (C, ¢, 7) whose twist is self-dual in the
sense that for all @ € G and all X € C,,

(0x)" = (p0)k (pa(a™ a)x")" o1 (0a(X)) O, (x)- -

Note that then the neutral component C; of C is a ribbon category in the usual
sense with braiding

{exy = (idy @ (wo)x )Txy : X @Y =Y ® X}xvee,

and twist

{vx = (v0)x'0x : X = X}xec,-

All G-ribbon categories are spherical as pivotal categories (see [II], Sec. 6.3]).

2.6. Fusion graded categories

An object X of a k-linear category is simple if the k-module of the endomorphisms
of X is a free k-module of rank 1 with basis {idx}. It is clear that all objects
isomorphic to a simple object are simple and (in a pivotal category) the dual of a
simple object is simple.

A G-fusion category (over k) is a G-graded category C (over k) such that there is
a set I of homogeneous simple objects of C satisfying the following four conditions:

(a) for each o € G, the set I, C I of elements of I belonging to C, is finite and
nonemptys;

(b) the unit object 1 of C belongs to I; C I;

(¢) Home (7, 5) = 0 for any distinct 4, j € I;

(d) every object of C is a direct sum of a finite family of elements of I.

The set I is then called a representative set of simple objects. Clearly, I = ,eq 1o
and every simple object of C is isomorphic to precisely one object belonging to I.

bIn this paper, G-braidings correspond to pivotal G-braidings in [I0} [I1].
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Let C be a G-fusion category with representative set of simple objects I. Con-
dition (b) above implies that the map k — Endc(1), k — kidy is a k-algebra
isomorphism which we use to identify End¢ (1) = k. Conditions (¢) and (d) imply
that the Hom-sets in C are free of finite rank. The neutral component C; of C is a
fusion (in the usual sense) k-linear pivotal category of dimension

dim(Cy) = _ dimy (i) dim,(7) € Ende(1) = k.
i€l

2.7. Modular graded categories

Consider a G-ribbon G-fusion category C (over k) with representative set of simple
objects I. For i,7 € I} C I, set
Si,j = tI“(Cj,i 0¢Cj 1®J—1 ®]) S Endc(]].) =k,
where ¢; ; : 1 ® j — j ® 1 is the braiding in C; defined in Sec. The symmetric
matrix S = [S; j]i jer, is called the S-matriz of C. Since each object i € I7 is simple,
the twist v; : ¢ — ¢ in C; (see Sec. [ZH]) expands as v; = v;id; with v; € k. Since v;
is an isomorphism, v; in invertible in k. Set
AL = Z vEN(dim(i))? € k,
i€ly
where dim(i) = dim; (¢) = dim,.(¢) since such a category C is spherical.

A G-modular category is a G-ribbon G-fusion category whose S-matrix is invert-
ible over the ground ring k. In other words, a G-modular category is a G-ribbon
G-fusion category C whose neutral component C; is modular in the sense of [6]. The
properties of modular categories imply that then the elements Ay € k above are
invertible in k and dim(C;) = Ay A_, see [0 Formula I1.2.4.a]. As a consequence,
dim(Cy) is invertible in k.

A G-modular category C is anomaly free if Ay = A_. Then A = A, = A_ is
a square root of dim(Cy) called the canonical rank of C.

2.8. The graded center

By [3], the G-center Z¢(C) of a G-graded category C over k is the category obtained
as the (left) center of C relative to its neutral component C; C C. The objects of
Z4(C) are (left) half braidings of C relative to Cy, that is, pairs (A, o), where A € C
and

oc={ox: A® X - X ® A}xec,
is a natural family of isomorphisms satisfying
oxey = (ldx ® oy)(ox ®idy)

forall X,Y € C;. A morphism (A, o) — (A’,0’) in Z¢(C) is a morphism f: A — A’
in C such that (idx ® f)ox = oy (f ® idx) for all X € C;. In particular,

HOIHZG (C)((A7 0)7 (Alv OJ)) C Home (Av A/)
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The monoidal product of Z5(C) is defined by
(4,0)® (B,p) = (A® B, (0 ®idp)(ida @ p))

and the unit object of Z¢(C) is the pair 1z, ) = (1, {idx }xec,)-

The category Z¢(C) inherits most of the properties of C. The given k-linear
structure in C induces a linear structure in Z¢(C) in the obvious way. The category
Z¢(C) is pivotal: the dual of (A,0) € Z¢(C) is (A, 0)* = (A*,0T), where

X 4A TXA

= TATRX - X @AY,
lx

with ev(4 ) = eva, coev(4 ,) = coeva, €V(4,,) = €V4, COCV(4,,) = coevs. Note
that the traces of morphisms and dimensions of objects in Z¢(C) are the same as
in C through the inclusion Endz ) (1z,(c)) C Endc(1). The category Z¢(C) is G-
graded: for a € G, the component Z,(C) C Z¢(C) is the full subcategory of Z¢(C)
formed by the half braidings (A, o) as above with A € C,. In particular, Z,(C) is
the usual Drinfeld-Joyal-Street center of C;. If C is additive, then so is its G-center,
ie. Zq(C) = ®aca Z2.(C).

The forgetful functor U : Z(C) — C carries (A, o) to A and acts in the obvious
way on the morphisms. This functor is strict monoidal, strict pivotal, k-linear, and

)
><—l—

reflects isomorphisms, meaning that a morphism in Z¢(C) carried to an isomor-
phism in C is itself an isomorphism.

If C is a G-fusion category over a field, then Z5(C) has a canonical struc-
ture of a G-braided category (see [10, Theorem 4.1]). Furthermore, if C is spher-
ical, then Z¢(C) is G-ribbon (see [10, Lemma 5.2]). For completeness, we recall
in the construction of the crossing and G-braiding of Z¢(C) as well as
the computation of the twist of Z4(C).

By [10, Theorem 5.1] and [I2, Theorem 5.4], if C is an additive spherical G-fusion
category over an algebraically closed field such that dim(Cy) # 0, then Z4(C) is an
anomaly free G-modular category with canonical rank dim(Cy).

3. Three-Dimensional HQFTs
We recall the definition of a 3-dimensional HQFT with target X = K(G, 1).

3.1. The category Cob®

For an integer n > 0, by an n-manifold, we mean a smooth n-dimensional manifold
with boundary (possibly, empty). By convention, the empty set ) is considered to
be an n-manifold for all n. The boundary OM of an n-manifold M is an (n — 1)-
manifold and 9(OM) = (). If M is oriented, then OM is oriented so that at any
point of OM, the orientation of M is given by a direction away from M followed
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by the orientation of M. Given an oriented manifold M, we let —M be the same
manifold with opposite orientation. Clearly, 9(—M) = —OM. A closed manifold is
a compact manifold with empty boundary.

By a surface we mean a 2-manifold. A surface X is pointed if every connected
component of ¥ is endowed with a base point. The set of base points of ¥ is denoted
by ¥e. A G-surface is a pair consisting of a pointed closed oriented surface ¥ and a
homotopy class g of maps (X, 3,) — (X, x). Reversing orientation in 3, we obtain
the opposite G-surface —% = (=X, g). The empty set () is considered to be a G-
surface with 0, = () and —) = (). The disjoint union of a finite family of G-surfaces
is a G-surface in the obvious way. An isomorphism of G-surfaces (2, g) — (¥/,¢')
is an orientation-preserving diffeomorphism f : ¥ — ¥/ such that f(3,) = X, and
g = ¢'f as homotopy classes of maps (2, X,) — (X, x).

We define a category Cob® following [9]. The objects of Cob® are G-surfaces.
For G-surfaces Yo, 1, a morphism ¥y — X; in Cob® is represented by a triple
(M, g,h) consisting of a compact oriented 3-manifold M with pointed bound-
ary, a homotopy class g of maps (M, (0M).) — (X,x), and an isomorphism of
G-surfaces

h: (=%0) UXy — (OM, glonr)-

Such triples (M, g,h) are called G-cobordisms between Lo and 3i. Two G-
cobordisms (M, g, h), (M',¢’, ') between ¥y and X1 represent the same morphism
Yo — X if there is an orientation-preserving diffeomorphism f : M — M’ such
that f((OM)e) = (OM")e, g = ¢'f, and A’ = fh. Composition of morphisms in
Cob% is defined via the obvious gluing of cobordisms. The identity morphism of
a G-surface ¥ is represented by the cylinder ¥ x [0, 1] endowed with the standard
identification of its boundary with (=) U . The morphisms ) — § in Cob® are
represented by closed 3-dimensional G-manifolds, that is, by pairs (M, g) consisting
of a closed oriented 3-manifold M and a homotopy class of maps g : M — X.

The category Cob® with monoidal product induced by disjoint union and with
unit object @) is a symmetric monoidal category.

3.2. HQFTs

Let Mody be the symmetric monoidal category of k-modules and k-linear homo-
morphisms. A 3-dimensional HQFT over k with target X = K(G, 1) is a symmetric
strong monoidal functor

7 : Cob% — Mod,.

Such a functor carries the following data: a k-module Z(X) for every G-surface X, a
k-linear homomorphism Z (M) : Z(Xq) — Z(X1) for every G-cobordism M : ¥y —
3}y, a k-linear isomorphism Z : k ~ Z()), and k-linear isomorphisms

Zo(5,%) : Z(D) @ Z(X) = Z(ZUY)

2050076-9
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for any G-surfaces 3, ¥'. This data should satisfy the usual compatibility axioms of a
monoidal functor. Two 3-dimensional HQFT's are isomorphic if they are isomorphic
as monoidal functors.

A 3-dimensional HQFT Z can be applied to the morphism § — () in Cob®
represented by a closed 3-dimensional G-manifold (M, g). The resulting endomor-
phism of Z (@) ~ k is multiplication by an element of k. This element is denoted
by Z(M,g) and is a homeomorphism invariant of the pair (M, g). It is clear that
isomorphic HQFTs yield the same invariants of closed 3-dimensional G-manifolds.

4. Colored G-Graphs

In this section, M is a compact oriented 3-manifold with pointed boundary and B is
a G-crossed category over k (see Sec.[Z4]). We discuss G-graphs in M and their B-
colorings. Our definitions and results are parallel to those of [I1], where we studied
G-graphs in R3.

4.1. Pointed ribbon graphs

We recall the notion of a ribbon graph following [6, 12]. We restrict ourselves to
ribbon graphs formed from arcs and coupons and having no circle components.
An arc is an oriented segment, i.e. an oriented 1-manifold homeomorphic to [0, 1].
A coupon is a rectangle with a distinguished side called the bottom base; the opposite
side being the top base. A ribbon graph €2 in M is a union of a finite number of arcs
and coupons embedded in M and called the strata of €). The strata must satisfy
the following two conditions:

(i) they are disjoint except that some endpoints of the arcs may lie on the bases
of the coupons; all other endpoints of the arcs lie in OM\(OM ), and form
QNoM;

(ii) Q carries a continuous field of tangent directions in M (the framing) which is
transversal to all strata and tangent to M on Q NIOM.

We provide all coupons of a ribbon graph Q@ C M with the orientation which
together with the framing of €2 determine the orientation of M opposite to the
given one.

A ribbon graph Q in M is pointed if every closed connected component C of M
such that C N Q # @ is equipped with a base point lying in C\Q. The set of these
base points is denoted by Q. Clearly, the sets (OM), and Q, are disjoint, lie in
M\, and their union meets every component of M encountering € in at least one
point. For example, the empty ribbon graph @) in M is pointed with (4 = (.

4.2. Tracks and detours

Let  C M be a pointed ribbon graph. Slightly pushing {2 along the framing, we
obtain a parallel copy 2 C M\Q of Q which is also a ribbon graph, see the following
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picture (in this and the next picture the orientation of M is right-handed):

Each stratum e of € yields a stratum e of Q in the obvious way. A track of e is a
homotopy class of paths in M\ leading from a point of (OM)e U Qe to é. For a
track v of e, we let ., € 71 (M\2,7(0)) be the homotopy class of the loop yley™!,
where [, is a small loop in M\ based at the endpoint v(1) of v and encircling e as
in the following picture (in particular, if e is an arc then its linking number with [,

is —1):

Here and in the sequel, the bottom bases of coupons are drawn boldface.

A detour in M\Q is a homotopy class of paths in M\Q with endpoints in
(OM)e U . In particular, the homotopy class of a constant path in a point of
(OM)e Uy is a detour called the constant detour. If a detour 8 in M\ is com-
posable with a track 7 of a stratum of Q (i.e. if 3 ends in the starting point v(0)
of 7), then v is a track of the same stratum and pg, = Bu,87". It follows from
our definitions that every detour in M\S2 either has both endpoints in (OM)e or is
a homotopy class of loops based at a point of (2.

4.3. G-graphs

A G-graph is a triple (M, 2, g), where 2 is a pointed ribbon graph in M and g is
a homotopy class of maps

(M\Q, (OM)4 U QW) — (X, x). (4.1)

Clearly, g carries any detour in M\ into a homotopy class of loops in X based
at x. The corresponding element of G = 1 (X, x) will be denoted by the same letter
as the detour itself. Similarly, for any track v of a stratum of €2, the homotopy class
of loops g (see Sec. 2 is carried by g into an element of G' denoted again by p..

For brevity, we will often drop the symbol g from the notation for a G-graph
(M, €, g) and denote this G-graph by (M, Q).
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4.4. Precolorings

A B-precoloring u of a G-graph (M, ) comprises two functions. The first function
assigns to every track 7 of an arc of 2 an object u., € B, called the color of vy (see
Sec. for the definition of j,). The second function assigns to every pair (3,7),
where /3 is a detour in M\ and + is a track of an arc of { which is composable
with 3, an isomorphism

UGy Uy — Pg=1(Uy).

These functions must satisfy the following two conditions (where ¢ denotes the
crossing of B):

(i) If 3 is the constant detour at the starting point of a track  of an arc of €,
then

Ugy = (00)u, * Uy — P1(Uy).

(ii) For any composable detours /3,0 in M\ and any track v of an arc of 2 which
is composable with 4, the following diagram commutes:

UBs,~
UBs~ P5-1p-1(Uy)
Ug,sy W2(5717571)u7
Pp—1 (us,~)
Wﬁ—l(UM) 905—1%—1(%)-

A B-precolored G-graph is a G-graph endowed with a B-precoloring. Disjoint
unions of B-precolored G-graphs are B-precolored G-graphs in the obvious way.

4.5. Colorings

A coupon-coloring of a B-precolored G-graph ((M, ), u) is a function which assigns
to each track v of a coupon ¢ of € a morphism v, in the category B, C B. To
state our requirements on v,, we need more terminology. The inputs (respectively,
outputs) of ¢ are the endpoints of the arcs of Q lying on the bottom (respectively,
top) base of c¢. The direction of the bottom base induced by the orientation of ¢
determines an order in the set of the inputs. Let m > 0 be the number of inputs of ¢
and let e; be the arc of ) incident to the kth input for K = 1,...,m. Set e, = +
if ey is directed out of ¢ at the kth input and e, = — otherwise. Similarly, the
direction of the top base of ¢ induced by the opposite orientation of ¢ determines
an order in the set of the outputs. Let n > 0 be the number of outputs of ¢ and
let €! be the arc of Q incident to the ith output for [ = 1,...,n. Set ! = + if ¢!
is directed into ¢ at the Ith output and ! = — otherwise. Recall the parallel copy
ccQofe (see Sec. L2). Let v be a track of ¢. Composing v with a path in ¢
leading to the kth input, we obtain a track pj of e;. Composing v with a path in ¢
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leading to the [th output, we obtain a track p' of e!. Clearly,
1 n
Py = g e gt = pign - g € w1 (MN\Q,5(0)),

where (0) € (OM)e U Q, is the starting point of 7. Set

m n
=@ wd - @
k=1 =1
where X = X and X~ = X* for any object X € B. We require that

(i) vy € Homg(u,,u”) for any track v of any coupon of €;

(ii) for any detour 8 in M\Q composable with a track v of a coupon of €2, the
following diagram (using the notation above for the inputs and outputs of the
coupon) commutes:

® ug
, m
ko1 PPk

m
_ €k
Upy = guﬁpk

l ppitoy (42)

n
By — et
w g Ugpr

Here, UE7 = ug, while ug_ 1 uj — pg-1(u}) and (pg-1)m are defined in
Sec. 24

For m=n =1 and g1 = ¢! = +, the diagram ([@2)) simplifies to

UB,py1
Upp, ——— PYp-1 (UPI)

“Bw[ L‘/’gl(vw)
Ug 1

Ugpt e -1 (upt).

A B-coloring of a G-graph (M, ) is a pair (u,v), where u is a B-precoloring
of (M,Q) and v is a coupon-coloring of ((M,Q),u). A B-colored G-graph is a G-
graph endowed with a B-coloring. Disjoint unions of B-colored G-graphs are B-
colored G-graphs in the obvious way.

4.6. Stabilization and conjugation

We define two operations on a B-colored G-graphs called stabilization and conju-
gation. To stabilize a B-colored G-graph (M, 2, g), we insert a small coupon ¢ in
the middle of an arc of 2, keeping the rest of the data. We take as the bottom base
of ¢ one of its sides incident to the arc. We insert ¢ so that it is transverse to the
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framing v at the middle point of the arc, and provide ¢ with the constant framing
equal to v:

<

This gives a G-graph (M, €Y, ¢'), where the class of maps ¢’ is the restriction of g
via the inclusion M\ C M\Q. The given B-precoloring u of ) restricts to a B-
precoloring u’ of €)' via the same inclusion. The given coupon-coloring of €2 similarly
restricts to a coupon-coloring of all coupons of ' except c. We color any track ~/
of ¢ with the identity morphism of the object u’, = (w/)"". Note that this object is
computed by uZ, where v is the track of the original arc of Q2 determined by 7" and
e = + if the arc incident to the bottom base of ¢ is directed out of ¢ while ¢ = —
otherwise.

The conjugation by any x € G of a G-graph (M,€,g) produces a G-graph
(M,Q,g)" = (M,Q,g"), where g" is the composition of g with the homotopy class
of maps (X, z) — (X, z) representing the endomorphism of G = m (X, x) carrying
each @ € G to Kk tarx € G. This transformation lifts to B-colored G-graphs as
follows. The precoloring u of (M, €2, g) induces a precoloring u” of (M, Q, g)* which
carries every track 7 of an arc of Q to (u”)y = ¢, (uy) and carries every pair (3, v),
where 3 is a detour in M\ and v is a track of an arc of {2 composable with 3, to
the isomorphism (u")g , defined as the following composition:

K r(ug,~)
(u™) gy = Pr(ugy) Prpp-1(Uy)
("), @2 (r,871)
v —1,-1 —1
K p2(k™ BT K,K)
Pr1p-1x((U)y) = Qr1p-100n (Uy) - a1k (Uy)-

Here, the element of G = m(X,x) represented by the image under g of the
detour § is denoted (as above) by the same letter (3, so that the element of
G represented by the image under ¢g” of the detour ( is indeed computed by
k" 1Bk. The coupon-coloring v* of ((M,$2,g)*, u") is similarly induced by the
coupon-coloring v of ((M,€,g),u) and the isomorphisms (), and ¢! associ-
ated with ¢ (see Sec. 24]). More explicitly, if 7 is a track of a coupon of © and
using the notation of Sec. L] then the morphism (v*), is defined as the following
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composition:

® $lupyex) "
k=1

. m m ( N)m
(U )'y = 1§1 ‘Pn(upk)ek 1§1 ‘Pn(uii) e SDF»(“W)
@ puv)
¥ n .
n . Lg w(upl ,€") n . (gaﬁ)il
(uF)Y = g O (Up ) g Pr(U5) =" (u7).

Here, for an object X € B, we set (X, +) = id,, (x) and (X, —) = ¢ (X).
Two key properties of this transformation will be stated in Sec.

5. Isomorphisms and Constructions of Colorings

In this section, B is a G-crossed category over k.

5.1. Isomorphisms of G-graphs

An isomorphism between G-graphs (M,Q,g) and (M',,¢’) is an orientation-
preserving diffeomorphism f : M — M’ which carries (OM)es onto (OM’)e, Qe
onto Q,, and Q onto ' (preserving the strata, the orientation, and the framing)
and satisfies

g=9g'f: (M\Q,(0M)s UQs) — (X,x).

Composing f with a track v of a stratum of €2, we obtain a track fv of the corre-
sponding stratum of €. Similarly, composing f with a detour in M\, we obtain
a detour fB3 in M'\CY.

An isomorphism between B-precolored G-graphs ((M,Q), ) and ((M',Q),u’)
is a pair (f,w), where f : M — M’ is an isomorphism between the G-graphs
(M,Q), (M, Q) and w is a function which assigns to every track v of an arc of
an isomorphism w. : u, — u}v in B so that for any such v and any detour 3 in
M\Q composable with ~, the following diagram commutes:

Ug,~y

Uy ‘Pﬁfl(uv)

Wy 51 (wy)
UI _UI u}ﬁ‘,fw ( ’ )
£y = HUB) () Pp-1\Ufy

An isomorphism between B-colored G-graphs ((M, Q), u,v) and (M’, ), v/, v")
is an isomorphism ( f, w) between the underlying B-precolored G-graphs ((M, ), u)
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and ((M’,Q), ) such that for each track + of a coupon of 2, the diagram

v
Usy i wY
n 5‘7
e w
Z@ Wr; &
’
v
’ fv N fy
Uy (u')

commutes (here, we use the same notation as in Sec.[L.1]). Since the vertical arrows
are isomorphisms, the commutativity of this diagram implies that v’ is uniquely
determined by v and the isomorphism (f, w).

5.2. Strong isomorphisms

A strong isomorphism between two B-precolorings u, v of a same G-graph (M, )
is a function w which assigns to every track + of an arc of 2 an isomorphism
wy Uy — ul in B such that the pair (idys : M — M,w) is an isomorphism
between the B-precolored G-graphs ((M,2),u) and ((M,Q),u).

A strong isomorphism between two B-colorings (u,v) and (u/,v") of a G-graph
(M, Q) is a strong isomorphism w between the B-precolorings u,u’ of (M, ) such
that the pair (idy, : M — M, w) is an isomorphism between the B-colored G-graphs
((M,Q),u,v) and ((M,Q),u,v").

The notion of a strong isomorphism allows us to formulate two key properties
of the conjugation of a B-colored G-graph ((M,Q),u,v), see Sec. Namely, the
B-colored G-graph ((M,2),u,v)! obtained via conjugation by 1 € G is strongly
isomorphic to the original B-colored G-graph ((M, ), u,v). Also, for any k,x" € G,
the B-colored G-graphs

(M, ), u,0)* and (((M,Q),u,v)")"

’

are strongly isomorphic. We leave the proofs of these claims to the reader.

5.3. Systems of tracks

A 1-system of tracks for a G-graph (M,Q) is a family {v.}., where e runs over
the arcs of Q and . is a track of e. To exhibit such a system we just pick one
track for every arc of Q (this is possible since every component of M meeting 2
also meets (OM)e U ). An arbitrary family of objects {u. € By, }. determines a
B-precoloring u of (M, ) as follows. Each track v of an arc e of {2 expands uniquely
as v = aye, where « is a detour in M\Q. Set

Uy = Po-1(Ue) € Bap, a1 = B, -

Note that w.,, = ¢1(ue) is canonically isomorphic to u.. For any detour § in M\Q
such that v is composable with 3, set

UGy = (@2(571,071)%)71 FUBy = Pa-15-1(Ue) = Pp-100-1(Ue) = @g—1(Uy).
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Lemma 5.1. The objects and isomorphisms defined above form a B-precoloring u
of (M,Q) which only depends (up to strong isomorphism) on the isomorphism
classes of the objects {ue}e.

Proof. That u is a B-precoloring is a direct consequence of the following axioms
of the crossing ¢ (see [II]): ¢2(1,a)x = (¥0)4, (x) and

pa(ba, c)x pa2(a,b),. (x) = p2(a,cb)x pa(p2(b c)x)

for all a,b,c € G and all object X of B.

Next, consider a family of isomorphisms {¢. : u. — u.}. in B and denote by u’
the B-precoloring of (M, Q) derived as above from the family {u,}.. For a track ~
of an arc e of 2, expand 7 = a7, as above and set

Wy = Pa-1(Pe) t Uy = Qa1 (Ue) = Pa-1(ug) = ul).

It follows directly from the naturality of ¢, that the function v — w, is a strong
isomorphism between the B-precolorings u,u’ of (M, Q). O

The following lemma shows that this construction yields all B-precolorings of
(M, ), at least up to strong isomorphism.

Lemma 5.2. Any B-precoloring U of (M,Q) is strongly isomorphic to the B-
precoloring u of (M, ) determined by the family of objects {ue = U, }e.

Proof. For a track v of an arc e of €2, expand v = a7y, as above and set
Wy =Unpy, : Uy = Uy, = 00-1(Uy,) = usy.

It is easy to check that the function v — w, is a strong isomorphism between the
B-precolorings U and u of (M, Q). |

A 2-system of tracks for a G-graph (M, Q) is a family {7.}., where ¢ runs over
all coupons of € and . is a track of ¢. To exhibit such a system we just fix one
track for every c. Given a B-precoloring u of (M, ), pick a 2-system of tracks {7.}.
for (M, ) and an arbitrary family of morphisms {v. : u,, — u’}. in B (here, the
objects u,, and u are as in Sec. [LH). Each track of a coupon ¢ of 2 expands
uniquely as (7., where (§ is a detour in M\Q. Formula (£2) with v = 4. and
vy = v, defines a morphism

. B
UBye * UBye —> W '°

in B. This yields a coupon-coloring v of ((M, ), u) and a B-coloring (u, v) of (M, Q).
Lemma 5.2 implies that all colorings of €2 may be obtained in this way, at least up
to strong isomorphism.

6. Colored G-Surfaces

In this section, we introduce markings and colorings of G-surfaces. We fix until the
end of the section a G-crossed category B over k.
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6.1. Marked G-surfaces

A point of a surface is marked if it is endowed with a tangent direction and a
sign +1. A marked G-surface is a triple consisting of a pointed closed oriented
surface %, a finite set of marked points A C ¥\X,, and a homotopy class of maps
g (Z\A,X,) — (X,x). For a point a € A, we let ¢, = £1 be its sign and let
*q € L\ A be the base point of the connected component of 3 containing a. Slightly
pushing a in the given tangent direction we get a point a € X\ A. A track of a is a
homotopy class v of paths leading from #, to @ in £\ A. We let 11, € m1(X\ A4, *,) be
the element represented the loop ymey~!, where m, is a small loop in ¥\ A based
in a and encircling a in the direction induced by the orientation of ¥ (i.e. m,, is the
boundary of disk embedded in 3\ (A\{a}) containing a in its interior and a in its
boundary). Multiplication by loops defines a left action of the group m (X\A4, %,)
on the set of tracks of a. Clearly, pg, = Bu 3" for any 8 € m (X\A, %,). As above,
we denote by the same letters the elements of 71 (X\ A, %,) and their images under
the group homomorphism 1 (X\ 4, *,) — G induced by g.

An isomorphism of marked G-surfaces (X, 4, g) and (X', A, ¢’) is an orientation
on preserving diffeomorphism f : ¥ — ¥’ which carries X, onto ¥, and A onto
A’ (preserving the tangent directions and the signs of the marked points) and such
that g = ¢'f.

For brevity, we will often denote a marked G-surface (X, 4, g) by (X, 4) or even
by 3 suppressing g and A.

6.2. Colored G-surfaces
A B-coloring u of a marked G-surface (X, A) comprises two functions. The first
function assigns to every track v of any a € A an object u, € B, called the
color of . The second function assigns to every track v of any a € A and to every
B € m (X\A4, *,) an isomorphism

UBy  Ugy = Pp-1(Uy)
such that
(i) for every track 7,

U,y = ((pO)uW Uy — (pl(u’y)§

(i) for every track v of any a € A and for all 3,§ € 7 (X\A, %), the following
diagram commutes:

UBs,~

Upsy ps-15-1(uy)

ug, s ©2(B767 s

Pp—1 (uti,'y)

‘Pﬁ*l(u&y) ‘Pﬁ*“ﬁ&*l(u'y)
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A B-colored G-surface is a marked G-surface endowed with a B-coloring. Dis-
joint unions of B-colored G-surfaces are B-colored G-surfaces in the obvious way.
Reversing the orientation of the ambient surface and the signs of all marked points
(while keeping the colors of the tracks), we transform a B-colored G-surface % into
the opposite B-colored G-surface —3.

An isomorphism between B-colored G-surfaces (X, A, u) and (X', A’,v') is a pair
(f, F) consisting of an isomorphism f : ¥ — 3’ of the underlying marked G-surfaces
and a function F' which assigns to every track v of any a € A an isomorphism
Fy, :uy — u'f,y in B such that, for all § € 7 (Z\A, *,), the following diagram
commutes:

uUg,~

Uy $p-1 ()

Fgy L/’gfl(F’Y)

’
Urs, fy

i . i
Ursy) = Yp)(f)

Here, f~ is the track of f(a) € A’ obtained by composing v and f.

6.3. Strong isomorphisms and systems of tracks

Let (2, A) be a marked G-surface. A strong isomorphism between two B-colorings
u,u’ of (X, A) is a function F which assigns to every track v of any a € A an iso-
morphism F, : u, — v/, in B such that the pair (ids, : ¥ — ¥, F) is an isomorphism
between the B-colored G-surfaces (2, A,u) and (X, A, u).

A 0-system of tracks for (3, A) is a family {74 }aca, where v, is a track of a.
To produce such a system one just picks a track for each point of A (this is always
possible since every component of ¥ has a base point).

Given a 0-system of tracks {7a}aca for (¥, A), any family {u, € By, }aca
determines a B-coloring u of (3, A) as follows. Every track v of any a € A expands
uniquely as v = a7y, with a € 1 (X\ A, *4). Set

Uy = Sﬁoﬁl(ua) € Baumoﬁl = B;L’y-

In particular, u,, = ¢1(u,) is canonically isomorphic to u,. For v = ary, as above
and any 3 € m(X\A4, *,), set

—1

Ug,y = (‘p2(ﬁ_1’a_1)ua) FUBy = (paflﬁ”(ua) - @ﬁ*ls"a”(ua) = @ﬁ*l(uv)'

Lemma 6.1. The objects and isomorphisms above form a B-coloring of (X, A)
which only depends (up to strong isomorphism) on the isomorphism classes of the
objects {uq}aca. This construction yields all B-colorings of (%, A) up to strong
isomorphism: any B-coloring U of (£, A) is strongly isomorphic to the B-coloring
of (X, A) determined by the family of objects {Us, }aca-

Lemma is an analogue of Lemmas [5.1] and and is proven similarly.
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6.4. Surfaces vs. graphs

Colored G-surfaces and G-graphs are related in two ways: the boundary of any
precolored G-graph is a colored G-surface and the cylinder over any colored G-
surface is a colored G-graph. Here are more details. Consider a B-precolored G-
graph ((M,Q),u). We endow the pointed oriented surface M with the set of
marked points 992 = M N, where the distinguished tangent direction at any
a € 0f) is induced by the framing of Q at a and the sign of a is + if the adja-
cent arc of  is directed inside M and — otherwise. The given homotopy class
of maps (M\Q, (0M)e U Q) — (X,x) restricts to a homotopy class of maps
(OMN\OQ, (OM)e) — (X,x). This turns (OM,J9Q) into a marked G-surface. We
define its B-coloring du. Each track v of a point a € 992 in M determines through
the inclusion OM — M a track, again denoted by =, of the arc of {2 adjacent to a.
Set (Ou)y = uy € By, and (Ou)p,, = ug, for any g € m (OM\OQ, *4), where x4 is
the only point of (OM), lying in the same component of M as a. This gives a B-
colored G-surface (OM, 92, Ou). It is clear that (strongly) isomorphic B-precolorings
of (M, Q) yield in this way (strongly) isomorphic B-colored G-surfaces.

The cylinder construction starts from an arbitrary B-colored G-surface (2, A, u).
Let I = [0, 1] be the unit segment directed from 0 to 1. Consider the 3-manifold C' =
¥ x I with the product orientation and pointed boundary where (0C)e = X4 x{0,1}.
Then Q@ = Ax I C C is aribbon graph with arcs {a x I},c4 and no coupons. Each
arc a X I carries a framing which is a lift of the given tangent direction at a. The
arc a x I is directed towards a x {0} if the sign of a is + and towards a x {1}
otherwise. Since C' has no closed components, £, = (). Composing the projection
pr : C\Q — ¥\ A with the given homotopy class of maps (X\4,%,) — (X, z),
we obtain a homotopy class of maps (C\Q, (0C)s) — (X,x). This determines a
G-graph (C, Q). Every track « of the arc a x I of Q projects to the track pr(v) of a
in ¥, and we set Uy = up,(y) € By, . If v is composable with a detour 3 in C\Q,
consider pr(3) € m (X\4, %,) and set

Usy = Upr(8)pr(7) * Uy = Upr(sy) = 951 (Upr(y)) = -1 (Us)-
This defines a B-precoloring U of (C, ). Since the ribbon graph 2 has no coupons,
the tuple Cy, = ((C,Q),U) is a B-colored G-graph. It is called the cylinder over
(3, A, u).

7. The Category Cobg

For each G-crossed category B over k, we define a symmetric monoidal category
Cobg whose objects are B-colored G-surfaces and whose morphisms are certain
equivalence classes of B-colored G-graphs.

7.1. Objects and morphisms

The objects of Cobg are B-colored G-surfaces (possibly, empty). For B-colored G-
surfaces g, X1, a morphism g — ¥ in Cobg is represented by a triple (M, Q, h)
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consisting of a B-colored G-graph (M,) and an isomorphism of B-colored G-
surfaces

h: (720) (W 21 — OM = (8M, 89)

We call such a triple (M, Q, h) a B-colored G-cobordism between Yo and ¥1. Note
that the image of ¥ (respectively, ¥1) under h is a union of several connected com-
ponents of the B-colored G-surface 9M. We denote this image by d_M (respec-
tively, 0+ M) so that OM is the disjoint union of the B-colored G-surfaces d_ M
and dy M. The isomorphism h restricts to isomorphisms of B-colored G-surfaces
h_ =Yg —0-M and hy : ¥y — 04+ M.

Two B-colored G-cobordisms between ¥y and 3; represent the same morphism
Yo — X1 in Cobg if they are obtained from each other by a finite sequence of the
following operations and their inverses:

(i) Isomorphism: one picks an isomorphism f : (M,Q) — (M’,Q) of B-colored
G-graphs and replaces (M, 2, h) with
(M/,Q/, fh: (_EO) U, — (c’)M’,(’)Q’))

(ii) Stabilization: one keeps M, h and stabilizes {2 at an arc as in Sec.

(iii) Conjugation: one picks a closed component C' of M meeting 2 and conjugates
(C,2N C) by an element of the group G keeping the rest of M, and the
isomorphism h.

7.2. Composition of morphisms

Let X, 31,%2 be B-colored G-surfaces and let y; @ X9 — X1 and yo @ X1 —
35 be morphisms in Cobg represented, respectively by B-colored G-cobordisms
(My,94,h1) and (Ma,Qa, hs). The morphism y2 o X1 is represented by the 5-
colored G-cobordism between ¥ and Yo defined as follows. First, gluing M; and
M> along the diffeomorphism

(ha)- o (h1)3" : 84 (My) — 8- (Ma) (7.1)

we obtain a 3-manifold M. The orientations of M7 and My determine an orientation
of M so that both natural embeddings j; : M} — M and j, : My — M are
orientation preserving. Clearly, OM = 0_M U904 M where 0_M = j;(0_(My)) and
0+ M = j2(04+(Mz)). We endow OM with the set of base points

(OM)e = ji((9-(M1))e) U j2((04(M2))s)-

Thus, M is a compact oriented 3-manifold with pointed boundary. Note that the
diffeomorphisms (hq)y+ @ X1 — 04 (My) and (he)— : ¥4 — 0_(Ms) induce an
embedding h : X1 <— M such that

B(S1) = j1(05 (M) = j2(0-(Mz)) € Tnt(M).

Since the map () is an isomorphism of G-surfaces, the endpoints of the arcs
of Oy, Qg in 04 (My), 0—(Mz) match under the gluing and so do the orientations

2050076-21



V. Turaev & A. Virelizier

and the framings of the adjacent arcs of Q1, 5. At each of these endpoints we
insert in the union j;(21) U j2(2) a small coupon with one input and one output
as in Sec. The bottom base of this coupon is its side lying in j;(M;). The
resulting set @ C M contains j1 (1) U j2(Q22) and expands as a union of a finite
number of arcs and coupons. The coupons of 2 are the images of the coupons of
Q1, Q9 under j1, jo and the coupons added above at the points of the set h((31)).
The arcs of 2 are the images of the arcs of €1, under ji,jo which are slightly
shortened near h((X1)s). The framings of 1, extend to a framing of  in the
obvious way. Clearly, ) is a ribbon graph in M.

Each closed connected component C' of M either lies in j;(M;) for i € {1,2}
or meets the surface h(3;) along several components. For C' meeting both h(3;)
and ), pick any point pc € CNh((X1)s). We endow  with the set of base points

Qo = j1((21)e) U j2((22)e) U {pcte,

where C runs over closed components of M meeting both h(X;) and Q. This turns
into a pointed ribbon graph in M. Note the inclusion

(6M). UQe C ]1((6M1). @] (Ql).) Ujg((aMg). @] (Qg).) (72)

Since the map () is an isomorphism of G-surfaces, we can pick representatives
in the given homotopy classes of maps

{(Mi\Qi, (OMi)e U (€i)e) — (X, ) }iz1.2, (7.3)
which match under (ZI]). These representatives determine a map
(M, j1((0M1)e U (21)e) U j2((0M2)e U (22)e)) — (X, z). (7.4)
In view of the inclusion (.2)), the latter map determines a homotopy class of maps
(M\Q, (OM)e U Q) — (X, ).

Since X = K (G, 1), an elementary obstruction theory shows that this homotopy
class does not depend on the choice of representatives of the homotopy classes (T.3]).
In this way, (M, Q) becomes a G-graph.

Let (u’,v%) be the B-coloring of (M;,Q;) for i = 1,2. We use the method of
Sec. to derive from these colorings a B-coloring (u,v) of (M,). For i = 1,2,
pick a 1-system of tracks {v:}. for (M;,Q;), where e runs over the arcs of €.
Consider any track v in M\Q of an arc of Q. This arc lies in j;(e) for some i = 1,2
and some arc e of ;. Then v expands uniquely as the product v = a j;(7), where o
is a homotopy class of paths in M\Q from v(0) € (OM)e U to

Gi(76(0)) € i ((0Mi)a U (2:)a).

The map ([Z4]) carries o into a homotopy class of loops in (X, x) representing an
element of G = 11 (X, x) also denoted by a. Set

_ i _
Uy = @a*l(u'yg) € Baywéofl = B#,Y.
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For any detour 8 in M\ composable with v, set

upy = (p2(67 1 a™ )i ) gy = a1 (ul) = 0p-190a-1 (Wh) = 91 (uy).

Ve

This defines a B-precoloring u of (M, ). We now define a coupon-coloring v of
((M,Q),u). For i = 1,2 pick a 2-system of tracks {v'}. of Q;, where ¢ runs over
the coupons of ;. Also pick a 0-system of tracks {v,}. for X;, where a runs
over the marked points of ;. For each track « of a coupon of {2, we define a
morphism vy : uy — u” in B as follows. Assume first that the coupon in question
is ji(c), where i =
the product v = aj;(y%), where a is a homotopy class of paths in M\Q from
~v(0) € (OM)e U Q4 to

1,2 and ¢ is a coupon of €2;. Then v expands uniquely as

5i(76(0)) € Ji((OMi)e U (Qi)s).

As above, we use the same letter o to denote the element of G represented by the
image of o in X. We use the notation of Sec. for the data associated with the
coupon ¢ and its track 42 in M;\$2;. Consider the morphism

vfyé D (U)y — (u')%,  where ( ® )= and  (uf)e = ®(u22)52

k=1 (=1

(recall that X* = X and X~ = X* for any object X € B). The composition of

the track v of the coupon j;(¢) C Q with a path in the parallel coupon ]1( ) C Q
leading to the kth input is the product track « j;(pr). Hence,

m m

Uy = ®u2‘ka(Pk) ®(900"1( Pk))Ek'
k=1 k=1
Similarly,
n s n . ,
u? = Q) = Q) (@a ()"
=1 =1

Define the morphism v, : uy, — u” as the following composition:

k§1¢(uf3k er)

m i ((,Da—l)m i
Uy glsoa—l((upk)a’“)—>wa—l((u Jvi)
a1 (vh)
& il
v lgd’(upzﬁ) n i el (¢a71)51 . ;
o @ pamt((u)") ~——————ppa((w)")

where for an object X € B, we set (X, +) =id, _, (x) and $(X, —) = ¢}, (X).
Next, consider a track v of the coupon ¢, of {2 at a marked point a of ¥;. We
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expand (uniquely) v = ah(v,), where h : 1 — Int(M) is the embedding above
and « is a homotopy class of paths in M\Q from v(0) € (M )e U Qs to

h(7a(0)) € h((X1)e) = j1 (94 (M1)e) = j2(0-(Mz)s) C h(X1).

For i = 1,2 the point h;(a) € 0; is an endpoint of a unique arc e; of €;. Then
hi(7a) is a track of e; in M;\Q;, and h;(v.) = G 'yéi for a unique detour §; in M;\€;.
The isomorphisms of B-colored G-surfaces (1)) induces an isomorphism

.1 1 2 .2
Dt ug 1 = Uk (1) 7 Uha(ra) = UBan2,-
Fori=1,2, set

;= wz(a_l»ﬁfl)uié_ ° %fl(u%m;i) : %*1(“@7@1.) - Spﬁflafl(ugéi)'
Let € = ¢, be the sign carried by a. Clearly, the composition of the track v with a
path in the parallel coupon ¢, leading to its unique input is the track a ji(5172,)
of the arc ji(e1) of Q. Then

€

ty = (a1 (1 )7 = (10 () ).
Considering the output of ¢,, we similarly obtain that

€

0" = (a1 (122))° = (101 (2.
Define the morphism v, : uy, — u” as

W3 0pa-1(®)o (W)~ if e = +,
U, =
T (o1 (PN o (W) 1) ife = —.

This defines a coupon-coloring v of ((M, ), ) and a B-coloring (u,v) of (M, Q).

It follows from the definition of u that the embedding j; : M — M induces an
isomorphism of B-colored G-surfaces 9_ (M) — 0_ M. Composing with the isomor-
phism (h1)_ : =g — 0_(M;), we obtain an isomorphism —Xy — J_ M. Similarly,
j2 and (hg)4 induce an isomorphism Yo — 04 M. This yields an isomorphism of
B-colored G-surfaces

(720) L 22 — OM = (8M, GQ,ﬁu)

The B-colored G-graph ((M, ), u, v) endowed with this isomorphism is a B-colored
G-cobordism between Yy and Yo which represents the composition y20x1 in Cobg.
This composition is well defined: it is independent of the choice of the points {pc}c
and the tracks above. In particular, if pc € C' N A((X1).) is replaced with p,, €
C N h((X1)e), then there is an isotopy {f: : M — M }ier such that fo = iday,
ftlo = ida and fi|anc = iy for all t € I, and fi(pc) = p. The B-colored G-
cobordisms derived from pc and pi. are related via the diffeomorphism f; and the
conjugation by the element of G represented by the path ¢t € I — fi(pc) € C\Q.
Also, this composition of morphisms in Cobg is associative.
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7.3. Further structures in Cobg

All objects of Cobg have identity endomorphisms in Cobg. Namely, for a B-colored
G-surface ¥, the cylinder over 3 (see Sec. [6.4) endowed with the standard iden-
tification of its boundary with (—X) L X is a B-colored G-cobordism representing
idy in Cobg. These identity endomorphisms are identities for the composition in
Cobg. So, Cobg is a category.

A more general construction derives from any isomorphism f : ¥ — Y’ between
B-colored G-surfaces a morphism ¥ — X' in Cobg called the cylinder of f
and denoted cyl(f). This morphism is represented by the B-colored G-cobordism
between ¥ and ', which is formed by the cylinder Cys/ over ¥/ together with
the isomorphism of B-colored G-surfaces (—3) U Y — 0Cys carrying any « € X
to (f(x),0) and any 2’ € ¥/ to (2/,1). It is easy to check that if f : ¥ — ¥’
and g : ¥ — ¥” are composable isomorphisms between B-colored G-surfaces,
then cyl(gf) = cyl(g) o cyl(f). Consequently, the cylinders are isomorphisms
in Cob§.

The disjoint union of B-colored G-surfaces and G-cobordisms turns Cob§ into
a symmetric monoidal category. Its unit object is the empty set () viewed as a
B-colored G-surface. The associativity and unitality constraints in Cobg are the
cylinders of the tautological isomorphisms

CuX)uy' Xy uy”) and PUX =X~ U0,

where 2, %/, %" run over all B-colored G-surfaces. The symmetry in Cob§ is deter-
mined by the cylinders of the obvious permutation isomorphisms

TRY =YuYX ~Yur=yex

The category Cob$ has a canonical left duality {(—=%, evy)}s, where ¥ runs
over all B-colored G-surfaces. Here, —X is the opposite B-colored G-surface (see
Sec. B2) and the morphism evy : (—X) ® ¥ — 0 in Cob§ is represented by the
B-colored G-cobordism formed by the cylinder C_y over —X together with the
isomorphism of B-colored G-surfaces

(-2 @D Ul =30 (-%) ~ (8 x {0}) U (-3 x {1}) = dC_s..

This left duality turns the symmetric monoidal category Cobg into a rib-
bon category with trivial twist (see [12, Lemma 3.5]). In particular, Cob§ is
spherical.

The category Cob® defined in Sec. Bdlis a symmetric monoidal subcategory of
Cobg. Indeed, any G-surface in the sense of Sec. [31]is a B-colored G-surface with
an empty set of marked points (so that the notion of a B-coloring for this surface is
void). Also, any G-cobordism between G-surfaces (in the sense of Sec. B is a B-
colored G-cobordism with an empty ribbon graph (so that the notion of a B-coloring
for this cobordism is void). This defines an embedding of categories Cob? — Cobg
which is symmetric strict monoidal.
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8. Graph HQFTs and the Main Theorem
8.1. Graph HQFTs

Let B be a G-crossed category over k. A graph HQFT over B with target X =
K(G,1) is a symmetric strong monoidal functor Z : Cobg — Modg, where Cobg
is the symmetric monoidal category defined in Sec. [l and Mody is the symmet-
ric monoidal category of k-modules and k-linear homomorphisms. Such a functor
includes k-linear isomorphisms

Zo: k"5 Z(0) and Zy(S,5): Z(S) @ Z(2) =5 Z(SUY)

for any B-colored G-surfaces X, Y.

Recall that a morphism () — § in Cob§ is represented by a triple (M, €, idy),
where M is a closed oriented 3-manifold and € is a B-colored G-graph in M.
Applying Z to this morphism we get a k-linear homomorphism Z(0)) — Z(0). Since
Z(0) ~ k, the latter homomorphism is multiplication by an element of k. This
element is denoted Z (M, Q) and is an isomorphism invariant of B-colored G-graphs
in closed oriented 3-manifolds.

As in topological quantum field theory (TQFT), for any B-colored G-surface X,
the k-module Z(X) is projective of finite type (see, for example, [I2]). Clearly, the
isomorphism class of this module is preserved under isotopy of the set of marked
points in 3. Also, each connected component I' of ¥ may be treated as a B-colored
G-surface whose marked points are the marked points of ¥ belonging to I'. The
strong monoidality and the symmetry of Z yield a k-linear isomorphism

Z(%) ~ Q) Z(I), (8.1)

where I runs over connected components of 3 and ® is the unordered tensor product
of k-modules.

By Sec. [Z.3] B-colored G-surfaces and the cylinders of their isomorphisms form
a (non-full) symmetric monoidal subcategory of Cobg. It is denoted Homeog.
Restricting a graph HQFT Z to Homeog, we obtain a symmetric monoidal functor
Homeog — Mody. In particular, Z induces a k-linear representation of the group
of isotopy classes of automorphisms of 3.

A graph HQFT Z over B is non-degenerate if for any B-colored G-surface X,
the k-module Z(3) is spanned by the images of the homomorphisms Z(()) — Z(X)
induced by the morphisms () — X in Cobg. Formula ([BJ]) and the strong monoidal-
ity of Z imply that if this condition holds for all connected B-colored G-surfaces,
then it holds for all disconnected B-colored G-surfaces as well.

An isomorphism between graph HQFTs Z, 7' : Cobg — Mody is a monoidal
natural isomorphism Z — Z’, i.e. a family of k-linear isomorphisms {px : Z(X) —
Z'(¥)}s, where ¥ runs over all B-colored G-surfaces. These isomorphisms should
commute with the action of B-colored G-cobordisms, be multiplicative under dis-
joint unions of B-colored G-surfaces, and satisfy py = Z} Z ! It is clear that if Z
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and Z’ are isomorphic, then Z(M, Q) = Z/(M,Q) for any B-colored G-graph € in
a closed oriented 3-manifold M.

Recall from Sec. that a 3-dimensional HQFT (over k) is a symmetric strong
monoidal functor Cob® — Mody. Let J be the embedding Cob% — CobG defined
in Sec.[73l A graph _extension along B of a 3-dimensional HQFT Z : CobG — Mody
is a graph HQFT Z: CobB — Mody such that ZolJ=27Z as symmetric monoidal
functors. Clearly, two 3-dimensional HQF T's having isomorphic graph extensions are
themselves isomorphic. Note that it would be interesting to formulate conditions on
an HQFT (and in particular on a TQFT) which would allow one to detect whether
or not it has a graph extension.

8.2. The surgery graph HQFT

Let B be an anomaly free G-modular category over k (see Sec. 7). In [II], we
derive from B an HQFT 75 : Cob® — Mody called the surgery HQFT. The
methods of [7 [I1] yield a non-degenerate graph HQFT Cobg — Mody extend-
ing 73 and called the surgery graph HQFT. 1t is also denoted by 75. We state
here two formulas computing 75 for closed surfaces and for graphs in closed
3-manifolds.

For a connected B-colored G-surface 3 of genus g > 0, the k-module 73(X) is
computed (up to isomorphism) as follows. The surface ¥ carries a base point *, a
finite set of marked points A = {a1,...,a,,} C X\{x}, and a homotopy class of
maps (X\4, x) — (X, x). Pick a track ; of a; fori = 1,...,m so that these m tracks
can be represented by paths in ¥\ A meeting only in their starting point x. Recall
from Sec. the homotopy class p; = p, € m(X\A4, %) of the loop encircling a;.
The group 71 (X\ A4, *) is generated by fi1,. . ., ftm and 2g elements oy, b1, . . ., ag, By
subject to the only relation

(ar Byt ) -+ (g B g By) ()™ -+ ()™ = 1,

where e; = £1 is the sign of a;. As usual, denote the element of GG represented by
the image of y1; in X by the same symbol j;, and similarly for «;, 8;. Let u; € By,
be the color of ;. Set

Us, = u Qe ® uf,;” S B(#l)el'“(#m)em'

(If m =0, then Us =1 € By.) Let J = llheq Jo be a representative set of simple
objects of B. Then there is an k-linear isomorphism

(%) =~ &) Homp(15, (¢a, (J1)* ® J1)
J1€Tp, >~~-,Jg€‘7/3g
® @ (Pay (Ty)" ® Jy) @ Us). (82)

We recall the definition of the scalar invariant 75(M,Q) € k of a B-
colored G-graph (M,€)) where M is a closed connected oriented 3-manifold.
The Lickorish-Wallace theorem on surgery presentations of 3-manifolds implies
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that there are a framed link L = L; U---U L, in R? x (0,1) and a ribbon
graph €' in (R? x (0,1))\L such that the surgery on S® = R?® U {co} along
L turns the pair (S3,Q) into (M,(), at least up to an orientation-preserving
homeomorphism. Set

E=(R?x (0,1)\(QUL) Cc M\

and take any point z € E with big second coordinate. We can assume that M, =
e = {z}. Restricting the given homotopy class of maps (M\Q, M,) — (X,x)
to E we obtain a homotopy class of maps (E,z) — (X,x). Orient the link L
arbitrarily. Stabilize each component L; of L by inserting into it a small coupon ¢;
as in Sec. We choose the bottom base of ¢; so that its unique input is directed
out of ¢;. This turns ' U L into a G-graph in R? x (0,1) denoted Q. For each
i € {1,...,n}, pick a track v(i) of ¢; and set p; = p, ;) € m(F, z). Let col(L) be
the set of all maps A : {1,...,n} — J such that A\(i) € B, for all i € {1,...,n}.
Any such A together with the B-coloring (u,v) of Q determine a B-coloring (u, )
of Q as follows. Pick a 1-system of tracks {7.}. for €. For each i € {1,...,n},
the composition of the track (i) with a path in the parallel coupon ¢; (obtained
by slightly pushing ¢; along the framing) leading to its unique input is a track
7; of the single arc of Q contained in L;. Note that ., = ;. Then the family
{7 }e U{7y:}i is a 1-system of tracks for Q. By Lemma [5.] the family of objects
{uy }e U{A(i)}; determines a B-precoloring u of Q such that Ty, = ¢1(u,,) and
Uy, = @1(A(2)). Pick a 2-system of tracks {7/}, for . Then the family {v.}. U
{7(i)}; is a 2-system of tracks for Q. Consider the B-coloring (u!,v') of Q' obtained
from (u,v) by conjugation by 1 € G (see Sec. L6]). It follows from the definition
that for any coupon ¢ of ', (@),, = (u')y, and (w)¥e = (u')e. For each i €
{1,...,n}, the composition of the track v(¢) with a path in ¢; leading to its unique
output is a track ° of the single arc of € contained in L;. Clearly, i = p; and
vt = \ivi, where \; € m1(FE, z) is the longitude of L; determined by ~(i) and the
orientation and the framing of L;. By definition of the surgery, the image of \;
in X represents 1 € G and so @, = ¢1(A()). Then (@),(;) = (@) = ¢1(A()). By
Sec. 53 the family of morphisms {(v!),, : (@), — (@)} U {idg, (xiy) = @)y —
(@)}, determines a coupon-coloring T of (Q,%). Hence (%, T) is a B-coloring of
Q. Denote the resulting B-colored G-graph by Q. 1t follows from Sec. that the
isomorphism class of " does not depend on the choices of the tracks. Recall from
[I1] the monoidal functor Fg from the category of isotopy classes of B-colored G-
graphs in R? x [0, 1] to the category B. In particular, this functor yields an isotopy

invariant F (QA) € Endp(1) = k. Then
(M, Q) =A"""" N (H dimA(z’))) Fs()) ek, (8.3)
A€col(L) \i=1

where A is the canonical rank of B defined in Sec. [2.71

2050076-28



On 3-dimensional HQFT: Comparison of two approaches

8.3. The state-sum graph HQFT

Assume that k is a field and let C be a spherical G-fusion category over k with
dim(Cy) # 0. In [9], we derive from C a 3-dimensional HQFT | - |¢ : Cob® — Mody
called the state sum HQFT. By Sec. 2.8 the G-center Z4(C) of C is a G-ribbon
(and so G-crossed) category over k. In Sec. [[0.3, we prove the following theorem.

Theorem 8.1. The state sum HQFT |- |c extends to a graph HQFT over Z4(C).

The proof of this theorem goes by extending the state sum method of [9] to so-
called knotted plexuses in skeletons (which represent ribbon graphs, see Sec. [[0.1))
via an invariant of colored knotted G-nets (see Sec. [d). The graph HQFT con-
structed in the proof of Theorem is called the state sum graph HQFT and is
again denoted by | - |c.

8.4. Comparison theorem

Assume that k is an algebraically closed field and let C = ©4cc Cy be an additive
spherical G-fusion category over k with dim(C;) # 0. By Sec. [Z8 the G-center
Za(C) of C is an additive anomaly free G-modular category over k. By Secs.
and B3], the category C gives rise to two graph HQFTs: the surgery graph HQFT
Tzg(C) Cobgc(c) — Mody and the state sum graph HQFT |- |¢ : Cobgc(c) —
Modg. Our main result is the following theorem.

Theorem 8.2. The graph HQFTs 1z, ) and |- |c are isomorphic.

This theorem yields a surgery computation of | - |¢. For G = {1}, Theorem
was first established in [§] and independently (in the case char(k) = 0) in [I]. We
prove Theorem B2 in Sec.

By Sec. Bl any graph HQFT yields a scalar invariant of colored G-graphs in
closed oriented 3-manifolds. The next claim directly follows from Theorem

Corollary 8.3. For any Zg(C)-colored G-graph  in a closed oriented 3-
manifold M,

Tzg(C) (M7 Q) = |M7 Q|C .
The following corollary of Theorem is Theorem [[T] of the introduction.

Corollary 8.4. The surgery HQFT 1z c) : Cob® — Mody and the state sum
HQFT |- |c: Cob% — Mody are isomorphic.

Proof. Both HQFTs extend to graph HQFTs which are isomorphic by Theo-
rem[8.2] Restricting the isomorphism in question to Cob® we obtain an isomorphism

of the original HQFTs. O

Applying Corollary B3] to empty G-graphs, we get the following.
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Corollary 8.5. For any closed 3-dimensional G-manifold M,
Tzg(c) (M) = |M]c.

Note finally that Theorem and the non-degeneracy of the surgery graph
HQFT 7z(c) imply that the state sum graph HQFT |- |¢ is non-degenerate.

8.5. Remark

Using the language of higher categories, one can define extended HQFTs. Connec-
tions between graph HQFTs and extended HQFTs are yet to be explored (even in
the case of TQFTs). We conjecture that any graph HQFT induces a 2-extended 3-
dimensional HQFT in the sense of [5] with values in the 2-category of 2-vector
spaces. This is motivated by the fact that the complement of a ribbon tangle
with no coupons in a 3-manifold is a 3-manifold with corners of codimension 2.
Theorem would then imply that (under the assumptions of this theorem) the
2-extended 3-dimensional HQFTs induced by the graph HQFTs | - [¢ and 7z, )
are isomorphic.

9. An Invariant of Colored Knotted Nets

In this section, we define an invariant of colored knotted nets which generalizes
6j-symbols and which is used below to construct a state sum graph HQFT. Until
the end of this section, we assume k to be a field and fix a G-fusion category C
over k. Recall that the G-center Z5(C) of C is then a G-braided category over k
(see Sec. 2.8). Note that all constructions of this section work word for word for
a larger class of G-graded categories, namely for nonsingular G-graded categories
over arbitrary commutative rings (see Appendix [A.T)).

9.1. Knotted nets

We recall the notion of a knotted net in an oriented surface introduced in [12] Sec.
15.3.2]. A net T is a topological space obtained from a disjoint union of a finite
number of oriented circles, oriented arcs, and oriented coupons (see Sec. [I1]) by
gluing some endpoints of the arcs to the bases of the coupons or to each other. We
require that different endpoints of the arcs are never glued to the same point of a
(base of a) coupon. The images in T" of the arcs, half-arcs, circles, and coupons are
called, respectively, edges, half-edges, circles, and coupons of I'. The images in I' of
the endpoints of the arcs that are not glued to coupons (but may be glued to each
other) are called wvertices of I'. Every vertex of I' is incident to a certain number
of half-edges of I', called the wvalency of the vertex. The edges and circles of I" are
collectively called strands.

A knotted net T in an oriented surface ¥ is a net immersed in ¥\0% such that

(i) all coupons of T are embedded in ¥ preserving orientation;
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(ii) all multiple points of the immersion are double transversal intersections of the
interiors of strands of I'. At every double point, one of the two meeting strands
is distinguished.

Note that the coupons and the vertices of a knotted net are pairwise disjoint. The
double points of a knotted net are called crossing points or just crossings. They are
finite in number and lie away from the coupons and the vertices. A crossing of a
knotted net in ¥ lies in an open disk in » represented in our pictures by a plane
parallel to the page. The orientation of ¥ is represented by the counterclockwise
orientation of this plane. The distinguished strand at the crossing is represented by
a red continuous (unbroken) line

Each crossing z of a knotted net I' in X gives rise to two points on the strands
of I': the overcrossing zo, lying in the distinguished strand (zoy is represented in
our pictures by a red point) and the undercrossing x.,. The overcrossings split
the strands of ' into consecutive segments called underpasses. A crossing x of I"
determines three underpasses: the underpass z containing the point x,, and two
underpasses ~, 2" separated by the point z,,. One of the underpasses z—,zT
is directed towards xo, and the other one is directed away from x.,. We choose
notation so that ¥ is directed towards z,, if the crossing z is positive and away
from x, if x is negative

9.2. Colored knotted nets

A C-coloring U of a knotted net I" in an oriented surface ¥ comprises three functions.
The first function assigns to each underpass p of I' a homogeneous object U, of C
or of Z5(C), called the color of p. We require that if p lies in a strand of I" which
is incident to a coupon or is the distinguished strand of at least one crossing, then
Up € Z¢(C). For any other p, either U, € Z¢(C) or U, € C. The second function
assigns to every crossing x of I" an isomorphism

Up : Upt — oy, (Up-) (9.1)

in Z¢(C) called the color of x. Here, ¢ is the crossing of the category Z¢(C) and,
as usual, the degree in G of a homogenous object X of a G-graded category is
denoted by | X]|. If the colors involved are nonzero objects, then the existence of an
isomorphism (@) implies that

Upt] = [Us| ™" U~ | |Ug] € G.
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The third function assigns to each coupon ¢ of I' a morphism ¢, — ¢®** in Z¢(C),
where ¢y, (respectively, c°'') is the object of Z¢(C) determined in the usual way by
the colors and orientations of the inputs (respectively, outputs) of ¢. This morphism
cin — ¢ is called the color of c.

A Eknotted C-net is a knotted net endowed with a C-coloring. Given a knot-
ted C-net I' in X, the subcolor of an underpass colored with an object X is X
itself if X € C and is the image U(X) € C of X under the forgetful functor
U: Z5(C) — Cif X € Z¢(C). The subcolor of a crossing/coupon is the image
of its color under the functor . Note that the above notion of a knotted C-net
generalizes the one in [I2] Sec. 15.3.3], where G = 1 and the crossings are not
colored.

We will use the notions of a cyclic C-set and its associated multiplicity mod-
ule, see [I2, Chap. 12]. A vertex v of a knotted C-net I' in 3 determines a cyclic
C-set (Ey,cy,ey) as follows: E, is the set of half-edges of T' incident to v with
cyclic order induced by the opposite orientation of 3, the map ¢, : E, — Ob(C)
assigns to a half-edge e € FE, the subcolor of the edge of I' containing e, and the
map &, : E, — {+,—} assigns to e € FE, the sign + if e is oriented towards
v and — otherwise. Let H,(I') = H(F,) be the multiplicity module of E,. The
k-module H,(T') can be described as follows. Let n > 1 be the valence of v
and let e1 < es < -+ < e, < e; be the half-edges of I' incident to v with
cyclic order induced by the opposite orientation of Y. Then we have the cone
isomorphism
72+ Hy(T') — Home (1, X' @ --- @ X57),

e1
where X, = ¢,(e,) and &, = &,(e,) are the subcolor and sign of e, for all r. Set
H(I') = ®, Hy(I'),

where v runs over all vertices of I' and ® is the unordered tensor prod-
uct of k-modules. To emphasize the role of %, we sometimes write H,(I';X)
for H,(T') and H(I;X) for H(T'). If T' has no vertices, then by definition
H(T) =k.

An isotopy of knotted C-nets in ¥ is an ambient isotopy in the class of
knotted C-nets in ¥ preserving all the data, that is the vertices, the strands,
the crossings (with their distinguished strand), the coupons (with their distin-
guished base), the orientations, and the colors. An isotopy between two knot-
ted C-nets T' and IT” in ¥ induces a k-linear isomorphism H(I') — H(I”) in the
obvious way.

Any orientation preserving embedding f of ¥ into an oriented surface ¥/ carries
a knotted C-net T' in ¥ into a knotted C-net TV = f(T') in ¥’ and induces a k-
linear isomorphism H(f) : H(T';X) — H(I’;%’) in the obvious way. This applies,
in particular, when f is an orientation preserving self-homeomorphism of .
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9.3. An invariant of knotted C-nets in R?

Let T be a knotted C-net in the plane R? (oriented counterclockwise). Pick a vector
a, € H,(T) for every vertex v of I' and transform I' at its vertices, crossings,
and coupons to obtain a Penrose diagram as follows. First, at each vertex v of T,
pick a half-edge e, € F,, isotop I' near v so that the half-edges incident to v lie
above v with respect to the second coordinate on R? and e, is the left most of
them, and replace v by a box colored with 77 (c,), where 7% is the universal cone
of H,(T")

Next, at each crossing = of I, isotop I' near = to make to ensure that the strands

are oriented downward. Consider the color (4,0) € Zg(C) of the underpass x™,

the color (B,7) € Z¢(C) of the underpass x~, the subcolor X € Cpom of the
underpass z, and the subcolor ¢ : A — U(p|x|(B,7)) of the crossing x. If the
crossing z is positive, then replace = as follows:

T(By).X
o] T

where 7 is the enhanced G-braiding of Z5(C), see Appendix [A4] If the crossing x
is negative, then replace x as follows:
TR
—1

T(B),X
e YU(p1x(B,7))
[0}

X A

Finally, at each coupon c of T, isotop I' near ¢ to make the bases of ¢ horizontal and
to ensure that the distinguished (bottom) base lies below the opposite base with
respect to the second coordinate on R?, replace ¢ by a box with the same inputs
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and outputs as ¢, and label this box with the subcolor of ¢:

(Bn-, ’7'7L)

(An,-, Um)

Also, the colors of all edges of I" are traded for the corresponding subcolors. This
turns I' in a C-colored Penrose diagram without free ends. The Penrose calculus
associates with this diagram an element of Endc¢(1) denoted Fe(I')(®y ). By
linear extension, this procedure defines a k-linear homomorphism

Fe(T) : H(D) = @y Hy(T') — Ende(1).

This homomorphism is an isotopy invariant of the C-colored graph I'. More pre-
cisely, for any isotopy ¢ between two knotted C-nets I and I” in R2, we have
Fe(I")H(t) = Fe(T), where H(:) : H(T') — H(T) is the k-linear isomorphism
induced by ¢.

9.4. An example
Let T' be the following knotted C-net in R:

The net T' has two vertices u and v, six underpasses colored (A4, o), (B,7), (C,w),
(D,9), (E,e) € Z5(Clhom and X € Chom, one coupon colored by a morphism
in Z5(C)

fi(B.e) = (B,7)" ®(4,0),
and two crossings colored by isomorphisms in Z¢;(C)

¢ (Bv'y) - @lX\(A’O') and ¥ : (Dvé) - SD\BI(va)'
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Clearly, H(I") = H,(T") ® H,(T"). Pick o € H,(T") and € H,(T"). Then, by defini-

tion, we have

(OB
B A +x 1B YU(#15/(C,w))
[+~] L]
Fe(T)(a®p) = TU(e1x|(A, 0))
T(A,0),X YD
¥ x
5 |

where & and B are the images of a and 3 under the cone isomorphisms

H,(I') = Home(1,X*® C*) and H,(I') — Home(1, E® X ® D).

9.5. An invariant of knotted C-nets in 2-spheres

Suppose that the category C is spherical. Then the invariant Fe of knotted C-
nets in R? defined in Sec. extends uniquely to an isotopy invariant of knotted
C-nets in the 2-sphere S? = R? U {oo} endowed with the orientation extending
the counterclockwise orientation in R?. Indeed, consider a knotted C-net I' in S2.
Pushing I' away from oo by an isotopy, we obtain a C-colored graph I'g in R%. The
isotopy induces a k-linear isomorphism H(T'; S?) ~ H(T'o;R?). Composing with
Fe(Go) : H(To;R?) — Ende (1) we obtain a k-linear homomorphism

Fe(T) : H(T; S?) — Ende(1).

The sphericity of C implies that this homomorphism does not depend on the way
we push I' in R? and is an isotopy invariant of I.

The invariant Fe further extends to knotted C-nets in an arbitrary oriented
surface ¥ homeomorphic to S?. Namely, given a knotted C-net I' in ¥, pick an
orientation preserving homeomorphism f : ¥ — S2, consider the induced k-linear
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isomorphism H(f) : H(I;¥) — H(f('); S?), and set
Fe(T) = Fe(f(T)) o H(f) : H(T;3) — Ende(L).

Since all orientation preserving homeomorphisms ¥ — S2 are isotopic, this homo-
morphism does not depend on the choice of f and is an isotopy invariant of T'.

We view F¢(T') as a generalization of the familiar 6j-symbols which arise when
I' C S? is the 1-skeleton of a tetrahedron.

10. The State Sum Graph HQFT

In this section, we construct state sum graph HQFTs over the G-centers of spherical
G-fusion categories. This construction is based on a presentation of ribbon graphs
in 3-manifolds by knotted plexuses in skeletons introduced in [12, Chap. 14], where
we refer for details.

10.1. Knotted plexuses in skeletons

Let M be a closed oriented 3-manifold. A skeleton of M is an oriented compact
2-dimensional complex P C M whose complement in M is a disjoint union of
open 3-balls called the P-balls. A vertez of P is a point of the 0-skeleton P(©)
of P. We let P be the 1-skeleton of P. Here, P oriented means that the surface
Int(P) = P\P® is oriented. The set P(M\P©) is a finite disjoint union of open
intervals whose closures are called the edges of P.

By a plerus, we mean a topological space obtained from a disjoint union of a
finite number of arcs and coupons by gluing the endpoints of the arcs to the bases
of the coupons. We require that different endpoints of the arcs are never glued to
the same point of a (base of a) coupon.

A knotted plezus d in P is a plexus drawn (i.e. immersed) in P\ P(®) possibly
with double crossings of arcs in Int(P) so that at every crossing, one of two arcs
is distinguished. All coupons of d must lie in Int(P) while the arcs of d may meet
the edges of P transversely at a finite number of points called the switches of d.
A neighborhood in P of a switch of d is formed by a finite number (greater than or
equal to 2) of half-planes adjacent to the edge of P containing the switch so that
the plexus d meets these half-planes along a segment contained in the union of two
of them:

</
/ .

2050076-36



On 3-dimensional HQFT: Comparison of two approaches

We assume that the given orientations of the regions of P containing these two
half-planes are compatible near the switch, i.e. they are induced by an orientation
of the horizontal plane in the above figure. (The pair (P,d) is called a positive
diagram without circle components in [12].)

Every knotted plexus d in P determines a ribbon graph in M as follows. Pick a
field of normal directions n on Int(P) such that the orientation of Int(P) followed
by n yields the opposite orientation of M. Slightly pushing the undistinguished
strands at the crossings of d along n, we obtain an embedding d — M whose
image is denoted d". The above orientation condition at the switches implies that
the vector field n can be chosen to continuously extend to all switches and to
determine thus a framing of d". This turns d” into a ribbon graph in M. We say
that a ribbon graph in M is represented by d if it is isotopic to d™.

By [12], Corollary 14.5], all ribbon graphs in M can be represented by knotted
plexus in skeletons of M, and two knotted plexus in skeletons of M represent isotopic
ribbon graphs if they can be related by certain moves generalizing the Reidemeister
moves to skeletons.

10.2. An invariant of colored G-graphs

In the rest of this section, C is a spherical G-fusion category over a field k such that
dim(Cy) # 0. Recall from Sec. 28 that the G-center Z;(C) of C is then a G-ribbon
category®. We define here a state sum invariant |M, Q|¢ € k for any Z¢(C)-colored
G-graph Q in a closed oriented 3-manifold M.

Let P be a skeleton of M and d be a knotted plexus in P representing the
underlying ribbon graph of Q (see Sec. [[0]). The vertices of P and the switches,
crossings, and coupons of d are called the nodes of d. The complement of the nodes
ind=duUP® c P is a finite disjoint union of open intervals. Their closures are
called the rims of d. Each rim e lies in P() or in d and connects two nodes (possibly,
equal) called the endpoints of e. By an oriented rim we mean a rim endowed with
orientation (which may be compatible or not with the orientation of the strand of d
containing this rim). Cutting P along d, we obtain a compact surface (with interior
P\d) whose components are called the faces of d. We let Fac(d) be the (finite) set
of faces of d.

We define a map £ : Fac(d) — G, called the G-labeling of d. In every P-ball, pick
a point, called its center. Pick in the given homotopy class of maps (M\, Q) —
(X, x) a representative g : M\ — X carrying the centers of all P-balls to x.
Clearly, each face r of d is adjacent to two (possibly coinciding) P-balls. Pick an
oriented arc in M connecting the centers of these balls and meeting P transversely
in a single point lying in the interior of r. We orient this arc so that its intersection

“More generally, the constructions of Sec. [[0] work when C is a spherical G-fusion category over a
commutative ring such that dim(C1) is invertible and all idempotents in C split (see Appendix[AT]).
Indeed, in this case, Z¢(C) is also a G-ribbon category.
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number with the face r is equal to +1. Applying g to the resulting oriented arc we
get a loop in X representing ¢(r) € G = 71 (X, x).

We now use the given Z¢(C)-coloring of the G-graph 2 to color the coupons and
the crossings of d, as well as the rims of d lying in d. To this end, pick a 1-system
of tracks {7} and a 2-system of tracks {7.}. for 2, where X\ runs over the arcs
and ¢ runs over the coupons of Q). First, consider a rim e C d. Slightly pushing e
along the framing of ), we obtain a parallel copy ¢ of e lying inside a P-ball. Let ¢,
be a path in this P-ball leading from its center to e. Let A = A, be the arc of
Q supporting e. Then, up to homotopy in M\, we have §, = a7y, for a unique
homotopy class of paths a, in M\ leading from the center of the P-ball above to
the point v, (0) € Q. The map g carries a, to an element of G = 71 (X, x) again
denoted . The given precoloring u of § yields an object u,, € Z¢(C). The color
of e is the object

Ue = Sﬁagl(u'n) € ZG(C)v

which is homogeneous of degree afi,, s ! € G. Next, consider a crossing z of d.
Let eT, e~ be the rims adjacent to x and lying in the distinguished strand of . We
choose notation so that et is directed towards z if the crossing z is positive and
away from zx if x is negative:

The color of z is the isomorphism
U, = (p2(ae- a;l,a;l)un)_l Ut — Pa, o} (U.-),

where ) is the arc of  supporting e™ U e~. Finally, consider a coupon c of d.
Pushing ¢ along the framing of 2, we obtain a parallel copy ¢ of ¢ lying inside a
P-ball B.. Let §. be a path in B, leading from its center to ¢. Then up to homotopy
in M\, we have 0. = a7, for a unique homotopy class of paths a. in M\ leading
from the center of B, to the point 7.(0) € Q. Let m > 0 be the number of inputs
of ¢ and let ej be the rim of d incident to the kth input for k =1,...,m. Set e, = +
if ey, is directed out of ¢ at the kth input and €5 = — otherwise. Let A\; be the arc
of Q supporting ey and set v, = 7,,. Composing . with a path in ¢ leading to the
kth input, we obtain a path dx in B. which expands uniquely as 6 = a7y, for a
unique homotopy class of paths «j in M\Q leading from the center of B, to the
point v (0) = v.(0) € Q. By definition, the color of the rim ey, is

Uek = 9004;1 (U'Yk) € ZG(C)

Similarly, let n > 0 be the number of outputs of ¢ and let e/ be the arc of
incident to the Ith output for I = 1,...,n. Set ¢! = + if ¢! is directed into ¢ at
the Ith output and &' = — otherwise. Let A! be the arc of  supporting ¢! and set
7' = ~y. Composing §, with a path in ¢ leading to the [th output, we obtain a
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path 6' in B, which expands uniquely as 6 = aly! for a unique homotopy class of
paths ol in M\Q leading from the center of B, to the point v!(0) = 7.(0) € Q.. By
1

definition, the color of the rim e’ is

Ua = @(al)—l(u,yl) € Zc;(C)

The given coupon-coloring v of 2 yields the morphism

m n
£
. — €k Ve — €
”%'“%*@“pkﬁu *®“pf’
k=1 =1

where py, is the composition of 4, with a path in ¢ leading to the kth input and p!
is the composition of v, with a path in ¢ leading to the /th output. Note that

-1 —1 —14l -1 1.1
pr=oa, 0p=oa, ary, and p=a, § =a, ay.

For a track v of an arc incident to ¢ and a homotopy class of paths « in M\Q
leading from the center of B, to the point v(0) = 7.(0) € Q,, the precoloring u
yields an isomorphism -1, 3 U1y ™ Pa-la, (u). Consider the isomorphisms

1/)(05777 +) = 2 (a(?l? ailac)uw © ‘Pagl (uagla»w) : @a;l (uaglaw) — Pa-1 (U’Y)
and

V(e y, =) = W(a, +)_1)* © wigl(“azlav) : S"agl(“rx;l ) — (pa*1<uv)*'

ary

The color of the coupon c is the morphism
m n .
v QUi - @
k=1 =1

in Z(C) defined as the following composition:

mo 1§1 Ylomvrer) ™" . (@,=1)m

® Ue;f ® 9004;1 (upi) Spagl (u'Yc)
k=1 k=1

Uec ‘/’le(vw)

V n

noo zg (a4 el n ¥ (‘pagl);l N

e® Us l® Qo (u5)) Pt (u).

=1 =1

Fix from now on a representative set I = Il cq I, of simple objects of C. A G-
coloring of d is a map c : Fac(d) — I such that c(r) € Iy, for all faces r of d. The
object ¢(r) assigned to a face r of d is called the c-color of r. For each G-coloring ¢
of d, we define a scalar |c| € k as follows.

First, for each oriented rim e of d, we define a cyclic C-set P.c. If e C PO,
then P, ¢ is the set of germs of faces of d adjacent to e turned into a cyclic C-set
as in [I2] Sec. 13.1.1] using c. Explicitly, the orientations of e and M determine a
positive direction on a small loop in M encircling e. The resulting oriented loop
determines a cyclic order on the set P, . of germs of faces of d adjacent to e. To each
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b € P, . we assign the c-color of the face of d containing b and a sign equal to + if
the orientation of b induces the one of e C 9b (that is, the orientation of b is given
by the orientation of e followed by a vector at a point of e directed inside b) and
equal to — otherwise. In this way, P, . becomes a cyclic C-set. If e C d, then e is
adjacent to two faces ry,r_ of d such that the orientation of ry (induced by the
one of P) induces the given orientation of e and the orientation of r_ induces the
opposite orientation of e

In this picture, the arrow on e indicates the orientation of e. Set ¢ = + if the
orientation of the strand of d containing e is compatible with that of e and set
e = — otherwise. Then P, = {r_,e,r+} where r_ < e < rp < r_ and the map
{r_,e,r1} — Ob(C) x {+, —} carries r+ to (c(r+), =) and carries e to (X, &), where
X € C is the image of the color of e under the forgetful functor Z4(C) — C.

For any oriented rim e of d, let He(e) = H(P. ) be the multiplicity module
of P, . In particular, if e C d, then in the notation above

Hc(e) ~ Home (L, e(r-)* @ X° @ c(ry)).
We let

He = (X) Hele)

be the unordered tensor product of the k-modules Hc(e) over all oriented rims e
of d. An unoriented rim E of d gives rise to two opposite oriented rims eq, es whose
associated cyclic C-sets P, ¢ and P, . are dual to each other. This determines a
contraction vector g € He(e1) ® He(ea), see [12], Sec. 12.3.4]. Set

*C:®*E€HC7
E

where E runs over all unoriented rims of d.

We associate with each node x of d a knotted C-net I'S in an oriented surface
homeomorphic to S2. We do it as in [I2, Sec. 15.5.1] by appropriately incorporating
colors to crossings of the involved knotted C-nets. More precisely, we consider four
cases, as follows:

(i) Let « be a vertex of P. Pick a small closed ball neighborhood B, C M of x
such that 'y, = PN JB, is a nonempty graph and P N B, is the cone over ',
with summit x. The vertices of ', are the intersection points of the 2-sphere
0B, with the edges of P incident to x. The edges of I';, are the intersections
of OB, with the faces of d adjacent to x. We endow 0B, with the orientation
induced by that of M restricted to M\Int(B;). Every edge a of T',, lies in a
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tace r, of d. We color a with c(r,) € I and endow a with the orientation
induced by that of 7, \Int(B,). In this way, I, yields a C-colored graph in 9B,
denoted I'S. For example

Here, the orientation of M is right-handed (as always in our pictures), the
object A =U, € Z5(C) is the color of the rim e of d directed to x, the object
B = U, € Z5(C) is the color of the rim o of d directed away from z, and
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(iii)

3k, l,my, ... mg,ny,...,np € I are the c-colors of the faces of d adjacent to
z with @ > 0 and b > 0. By definition, A = ¢ -1 (X) and B = ¢,-1(X), where
X = u,, € Z5(C) is the evaluation of the precoloring u of Q on the track vy
of the arc A of € supporting the rims e and o. Set

~

_

Here, we draw I'S in the plane R? (oriented counterclockwise) and view I'S as
a knotted C-net in S? = R?U{occ}. We direct the arc of I'S colored by m,, with
1 < p < a upward if the orientation of the m,-labeled face of d followed by
that of d at x yields the positive orientation of M, and downward otherwise.
For 1 < ¢ <b, let r4 be the n,-labeled face of d. Set ¢, = 1 if the orientation
of rq followed by that of d at x yields the positive orientation of M and set
gq = —1 otherwise. We direct the arc of I'S colored by n, downward if e, =1
and upward otherwise. We numerate the b + 1 arcs lying on the horizontal
segment from left to right by ¢ =0,1,...,b and color the gth arc with

Aq = ¢p,(X) € 2¢(C), where 3, = ag H(r)= < l(rg)%e € G.

Note that A9 = A (since By = a_!) and A, = B (since B, = a,!). The
knotted net I'S has b crossing points. We numerate them from left to right by
q=1,...,band color the ¢qth crossing with the isomorphism

o = {(802(3(7“«;)»@—1))()_1 P Ag = Pegry) (Ag-1) ifeg =1,
! (2(£(rq), By)x) " = Age1 = @ury) (Ag) ifeg=—1

Let « be a coupon of d with m > 0 inputs and n > 0 outputs. A neighborhood
of z in P looks as follows:

s )
ll lnfl
B] BQ anl Bn
i f J
Al /12 Am—l Am
S k?l km—l
_ J
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Here, i,j,k1,.. ., km—1,01,...,ln—1 € I are the c-colors of the faces of d adja-
cent to the coupon, the objects Aq,..., A, € Z¢(C) are the colors of the rims
corresponding to the inputs, the objects By, ..., B, € Z¢(C) are the colors of
the rims corresponding to the outputs, and the morphism f in Z4(C) is the
color of the coupon x. For m,n > 1, set

( )
ll lnf]
Bl B2 oo Bn,fl Bn
re=| i f i |cs?
Al 142 b Am—l Am
kl km—l C)
. J

where the orientations (not shown in the picture) of the vertical arcs are
induced by the orientations of the corresponding strands of d. For m = 0
and n > 1, set

Bl B2 oo Bn,fl Bn

The case m > 1 and n = 0 is similar. For m =n = 0, set

( )

re = i | cS?

& J

where here f € Endz,c)(1z,(c)) = k.
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(iv) Let « be a crossing of d. A neighborhood of = in P looks as follows:

where objects A, B,C, D € Z(C) are the colors of the rims adjacent to z, the
isomorphism ) is the color of x, and i, j, k,l € I are the c-colors of the faces
of d adjacent to x. We associate with x the knotted C-net

( )

Y

A

i S
§ J

where the orientations of the diagonals (not shown in the picture) are induced
by the orientations of the corresponding strands of d.

By Sec. @3] for any node x of d, the knotted C-net I'S yields a vector
Fe(TS) € Homy (H(TS), Ende(1)) = Homy(H(TS), k) = H(TS) .

It results from the definitions that we have canonical isomorphisms
%) ~ () He(e) and H(I'S)* ® He(en)*,

where e, runs over the rims of d incident to x and oriented away from z. The tensor
product of the latter isomorphisms over all nodes = of d yields an isomorphism

®HF° ®®H ex)" ~ HE.

xT

The image under this isomorphism of the unordered tensor product @, Fe(T'z) is
a vector Vo € H}. Set

lc| = Ve(*e) €k and  dim(c) = H (dim c(r))X") ek,
reFac(d)

where x is the Euler characteristic. Finally, set

M, Qe = (dim(Cy))"M\1Y ~ dim(c)|c| € k, (10.1)
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where ¢ runs over all G-colorings of d and the positive integer | M\ P| is the number
of P-balls (i.e. the number of connected components of M\ P).

Theorem 10.1. The scalar |M, Q¢ is a well-defined isomorphism invariant of the
Za(C)-colored G-graph (M,Q). Also, |M,Q|c is invariant under stabilization and
conjugation of (M, ) (see Sec. 6.

The proof of Theorem [[0.1] consists in verifying that the left-hand side of (T0.T])
remains invariant under the moves on knotted plexuses in skeletons (see the end of
Sec. [I0T)). This goes by combining the proofs of [9, Theorem 7.1] and [I2, Theorem
15.7] and is left to the reader. The naturality of F¢ implies that |M, Q|c is indepen-
dent of the choice of the representative set I of simple objects of C. For = (), we
obtain the invariant |M,{|c = |M|¢ of the G-manifold M defined in [9, Theorem
7.1].

10.3. Proof of Theorem [8.1]

The construction of the state sum graph TQFTs given in [12, Sec. 15.7] applies
(with colorings replaced by G-colorings) to the state sum invariant | - [¢ of Z¢(C)-
colored G-graphs (defined in Sec. [0.2) and produces a graph HQFT |- |¢ over
Za(C). Tt is clear from the definitions that this graph HQFT extends the state sum
HQFT |- |¢. This proves Theorem [B11

10.4. Properties of | - |c

We state two properties of the graph HQFT |-|¢. First, we compute |S3, Q¢ € k for
any Z¢(C)-colored G-graph €2 in S3. By [L1], the G-ribbon category Z5(C) defines a
monoidal functor Fz, () from the category of Z¢(C)-colored G-graphs in R? x [0, 1]
to Z¢(C). In particular,

FZ(;(C) (Q) S EndZG(C) (]]-ZG(C)) =k.
In generalization of [I2, Theorem 16.1] (where G = 1), we claim that
15%,Q)¢ = (dim(C1)) " Fzg ey (). (10.2)

The proof repeats the one of [I2] Theorem 16.1] with colorings replaced by G-
colorings.

Second, we compute the isomorphism class of the module |X|¢ for any connected
Za(C)-colored G-surface ¥ of genus g > 0. Let aq,01,..., ag,3y € G and Uy, €
Za(C) be as in Sec. We claim that if the category C is additive, then

|Sle ~ Homzg ¢)(Lzg(c); Carpy © -+ ® Ca, 5, ® Us), (10-3)
where for a, 3 € G, the object Co 3 = (Ca.3,0%?) of Z5(C) is defined by

Cap= P "0 0i0]
iela,jelg
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and, for any X € (Cq,

: Caﬁ ® X —)X@Cayg.

Here, complementary curvilinear boxes of the same color represent the projec-
tion/inclusion determined by an isotopic subobject, see [12] Sec. 4.6] for details.
Formula (I0.3]) generalizes [12, Theorem 16.2], where G = 1. The proof repeats the
one given there with colorings replaced by G-colorings.

11. Computations in Graph HQFTs

In this section, Z : Cobg — Mody is an arbitrary graph HQFT over a G-crossed
category B over k. We give a surgery formula for Z using so-called torus vectors.

11.1. Graphs without free ends
A B-colored G-graph (M,Q) has no free ends if Q@ N OM = (), that is, if the

endpoints of all arcs of € lie on the bases of the coupons. Such a graph represents a
morphism (M, Q)4 : ) — OM and a morphism (M, Q)_ : —OM — () in the category
Cob§. Recall the k-linear isomorphism Z : k ~ Z(()) and set
Z (M, Q)=Z(M,Q)4)Zy : k — Z(OM)

and

Z_(M,Q)=Z;'Z(M,Q)_) : Z(-0OM) — k.
If 9M = (), then any B-colored G-graph  C M has no free ends and (M,Q); =
(M, £2)_. In this case, the k-linear homomorphism

Zy 2 (M, Q) = Z_(M,0)Zy : k — k

is multiplication by the scalar Z(M, Q) € k defined in Sec.

11.2. Torus vectors

We endow the unit disk D? = {z € C,|z| < 1} and the unit circle S' = dD?
with the counterclockwise orientation. Endow the torus S' x S with the product
orientation and the base point * = (1, 1). For each o € G = m1(X, x), we let g, be
the unique homotopy class of maps (S x S1,%) — (X, x) which carry the loops
te[0,1]— (™ 1) e S* x S' and t€[0,1] — (1,e*) € S' x S!

into loops in (X, x) representing, respectively, « and 1 € G. Then T,, = (S'x S%, g4)
is a B-colored G-surface with an empty set of marked points. Let V = — (St x D?)
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be the solid torus with orientation opposite to the product orientation and with
boundary 9V = S x S! pointed by (9V)e = {*}. The homotopy class of maps g,
above extends uniquely to a homotopy class of maps g, : (V, (0V)s) — (X, x). The
triple V,, = (V, 0, go) is a B-colored G-graph with no free ends and with 9(V,,) = T,.
The a-torus vector of Z is the vector Z1(V,,)(1k) € Z(Ts).

11.3. The surgery formula

Let (M,Q) be a B-colored G-graph where M is a closed connected oriented 3-
manifold. We give a surgery formula for Z(M, Q) € k. To this end, present M as the
result of surgery on S% = R3U{oo} along a framed link L = LyU---UL,, C R?x(0,1)
with n > 1 components. Pick a closed regular neighborhood U C S of L and let
E = $3\Int(U) be the exterior of L in S3. We endow both U and FE with orientation
induced by the right-handed orientation of S$3. By the definition of surgery, M is
obtained by gluing n solid tori to E. Deforming if necessary €2 in M, we assume
that Q C Int(F) C M and that Q¢ C OF when Q # 0.

We now turn the pair (F,Q) into a B-colored G-graph. Let n(S' x S1) be a
disjoint union of n copies of S' x S!. Orient the link L arbitrarily and pick an
orientation-preserving diffeomorphism

fr:n(S* x SY) — U = —0F,

which for all p € S! and ¢ = 1,...,n, carries the gth copy of S' x {p} to a
positively oriented meridian of L, in OU and carries the gth copy of {p} x S*
to the positively oriented longitude of L, in OU determined by the framing of L.
Let (OF)s C OF be the set consisting of the images under f1, of the base points
* = (1,1) of the n copies of S' x S*. We choose f1, so that Q, C (OF)s when
Q # (. So, E becomes an oriented 3-manifold with pointed boundary and € is a
ribbon graph in F with no free ends. Pick in the given homotopy class of maps
(M\Q,Qe) — (X,x) a map carrying (0F)s C M\ to x and restrict it to E\Q.
This gives a map g : (E\2, (0E).) — (X,x) turning (E,?) into a G-graph. The
B-coloring of (M,€) induces a B-coloring of (F, ). Indeed, when Q # 0, pick a
1-system and a 2-system of tracks for Q2 in E that start in the point of Qe C (OF)s.
These systems together with their evaluation under the B-coloring of (M, 2) define
a B-coloring of (E,€) as in Sec. Thus, (E,Q) is a B-colored G-graph with no
free ends.

The homotopy class of the map gfr : n(S! x ') — (X,x) turns n(S! x S1)
into a G-surface which, in the notation of Sec. [1.2} is a disjoint union Lj_;T,,,,
where ay € G = m(X,x) is represented by the image under gf; of the loop
St — n(St x S carrying any s € S* to the point (s, 1) in the gth copy of St x S*.
Then the map fr above is an isomorphism of G-surfaces Uy_To, — —OFE. Its
cylinder (see Sec. [[3)) induces a k-linear isomorphism

Z(f1) = Z(eyl(fr)) - Z(Ug=iTa,) — Z(-0E).
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The monoidal constraints of the graph HQFT Z induce a k-linear isomorphism
én 1 Z(Ta,) @ ®Z(Ty,) — Z('—'Z:1Taq)~

Composing these isomorphisms with the homomorphism Z_(E,Q) : Z(—-0F) — k
(see Sec. [ITT]), we obtain a k-linear homomorphism

ZF=Z_(BE,Q)o0Z(fL) o0& Z(Ta,) ® -+ ® Z(Ts,) — k.
Lemma 11.1. For any o € G, let wy, € Z(Ty) be the a-torus vector of Z. Then
Z(M,Q) = Z¥ (0o, ® -+ @ wa,,)-
Proof. Recall from Sec. the B-colored G-graphs {V,}aeq with 0V, = T,.
Since (M, Q) is obtained by gluing V,,, U--- UV, to (E,Q) along fr, we have
(M, Q)4 = (E,Q)—ocyl(fr) o (Vay )+ U+ U (Va,)4) 1 0 =0

in the category Cobg. Applying the functor Z, we get

Z((M,Q)5) = Z((E,Q)-) 0 Z(f1) 0 Z((Va, )1 U+ U (Var )4) : Z(0) — Z(0).
Since Z(M,Q) = Z, ' Z((M,Q)4)Zo(1x), we have

Z(M,Q) = Zy " Z((B,)-) Z(f1) Z(Vay )+ U+ - U (Van)+) Zo(1x).

Now, by definition, Z_(E,Q) = Z;'Z((E,Q)_). Also, the monoidality of Z and
the definition of the torus vectors imply that

Z((Va1)+ u---u (Van)+)ZO(1k) = §n(wa1 Q- ®wan)-
Therefore,
Z(M,Q) = Z,(E,Q) Z(fL)gn(woq Q- ®wan)

=7l (wy, ® - @ w,,). O

We now evaluate Z¥ on certain vectors. Consider the solid torus W = D? x S!
with product orientation and base point * = (1,1) in W = S* x S*. Consider the
knot K = {0} x S C Int(W) with orientation induced by the opposite (clockwise)
orientation of S and with framing ((1,0),0) at all points. Insert in K a coupon
transversal to the framing and having one input and one output (see Sec. 6.
We choose the bottom base of the coupon so that the input is directed out of the
coupon. In this way, we stabilize K into a ribbon graph K* C W. For o € G, the
homotopy class of maps g, : (S! x St, %) — (X, x) from Sec. extends uniquely
to a homotopy class of maps

ga  (WAK®, (OW)s = {*}) — (X, x).

The triple W, = (W, K*,g}) is a G-graph with no free ends. Note that for any
track v of a stratum of K*, the associated element p, € m (W\K?, %) is carried
by g& to a € m(X,x) = G. Each object X € B, determines a B-coloring of W, as
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follows. Pick a track of the only arc and a track of the only coupon of K*. These
tracks forms a 1-system and a 2-system of tracks for W, and so, when colored
by the object X and the morphism id,, (x), they determine a B-coloring of W,
(see Sec. (.3). This yields a B-colored G-graph WX with no free ends such that
O(WX) =T,. Set

[X] = 2 (W)(1s) € Z(Ta). (11.1)
For any Xy € Bay,..., Xn € Ba,, gluing Wo)ﬁl .- W(fi" to (E,Q) along fr,
yields a B-colored G-graph (S, T'x, .. x,, ). Note that the underlying ribbon graph

.....

.....

each of its components.

Lemma 11.2. For any Xi € Ba,,...,Xn € Ba,,,
ZH (X @9 [X,]) = 2(8%,Tx,,.. x,) €k

Proof. The monoidality of the functor Z implies that
En([Xa] @+ @ [Xal) = Z4 (WXH U UWER) ().
Then
ZH[X1) @ @ [Xa]) = Z-(B,Q) Z(fr) Z4 (Wa U~ LW ) (1)
=2y Z((B,9)-) Z(f1) Z(Wat U UWEr) ) Zo(Le)
= Z(S°,Tx,..x,);

where the last equality follows from the functoriality of Z. O

12. Proof of Theorem 8.2

In this section, we prove Theorem Recall that k is an algebraically closed
field and C = @4e¢ Cy is an additive spherical G-fusion category over k such that
dim(Cy) # 0. By Sec. 28 Z¢(C) is an additive anomaly free G-modular category
whose canonical rank is equal to dim(Cy). Recall that I = I,eq I, denotes a
representative set of simple objects of C. Let J = ll,eq Jo be a representative set
of simple objects of Z&(C).

The surgery graph HQFT 7z, ) and the state sum graph HQFT |- |¢ are
(symmetric) monoidal functors Cobz ) — Modx. Now, the category Cob§ +(0)
is left rigid (see Sec. [L3) and 7z, (c) is non-degenerate (see Sec. B2). Thus, by
[12, Lemma 17.2], we only need to prove that

(a) for any Z¢(C)-colored G-surface 3,
Zle = 724(0)(2);
(b) for any Zg(C)-colored G-graph  in a closed oriented 3-manifold M,
|M,Qlc = Tz4) (M, Q).
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12.1. Proof of (a)

For a, 8 € G, recall the object 5(175 € Z¢(C) from Sec.[I0.4l By [I0, Theorem A.1],
this object is the coend

XeZ3(C)
Gy = / (PalX))* ® X.

Now, since Z3(C) is additive and finitely semi-simple with J3 as a representative
set of simple objects, we have

XeZz(C)
[ a0y o x = @ )y o
JEeTs

Consequently, the uniqueness of a coend implies that

Cop = P (al) @ J. (12.1)
JeTs

Let X be a connected Z¢/(C)-colored G-surface of genus g > 0. The surface ¥ car-
ries a base point #, a finite set of marked points A = {ay,...,an}, and a homotopy
class of maps (X\ A4, *) — (X, x). Pick a track ~; of a; for each ¢ € {1,...m}. Recall
from Sec. the homotopy class p, € m1(X\A,*) of the loop encircling a;. The
group m1(X\A, *) is generated by fiy,,..., [y, and 2g elements a1, G, ..., aq, Gy
subject to the only relation

[, B1] -+ g, Byl (pyy )T ()T = 1,

where [a, 8] = a ! 'aB and ¢; = +1 is the sign of a;. Consider the object
Us, € Z5(C) defined as in Sec. By (I03), we have

|Sle = Homzg ¢)(Lzo(c): Con o @ -+ ® Ca, 5, @ Us).
Now (IZT)) implies that

50¢1,ﬁ1®'“®50¢gﬁg = @ (Spal(‘]l)*®J1)®'“®((pag<Jg)*®J9)'

The last two formulas together with the additivity of Z4(C) imply that |X|¢ is
isomorphic to

45 Homz o) (Lz4(c), (P (J1)" @ J1) @ -+ @ (Pa, (Jg)" ® Jy) @ Us).

Now ([B2]) applied with B = Z¢(C) implies that the latter vector space is isomorphic
to Tz, (c)(X). Consequently, |¥|c is isomorphic to 7z c)(X).

The case of disconnected ¥ is deduced from the case of connected ¥ using
Formula (B.1)) applied to the graph HQFTs | - [¢ and 7z ).
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12.2. Proof of (b)

Let @ € G. Recall that any object X € Z,(C) determines a vector [X] € |Tac
as in (ITJ) with B = Z5(C). Proceeding as in [12], Sec. 17.4], we obtain that the
family {[J]} ez, is a basis of |Ty|c and that the a-torus vector wy € |Tolc of |- |c
is computed in this basis by

(dim(C)) Z dim(J (12.2)
JeTu

Pick a Zg(C)-colored G-graph  in a closed oriented 3-manifold M. Since
|M, Q|c and Tz (c)(M, ) are multiplicative under disjoint union, it suffices to con-
sider the case, where M is connected. Present M by surgery on S? along a framed
oriented link L = L1U---UL,, C S3. We use the notation of Sec. [T3 with Z = |-|c.
By Lemma [IT.1] and Formula ([IT2.2]),

|MaQ|C =zt (wal R ®Wa,)

- X (%)ZL([L]@-'-@MD-

J1E€ETay sees Tn€Tan

Using the notation of Sec. [T.3] it follows from Lemma and Formula (T0.2])
that for any J1 € Joy,s .-, JIn € Ja,

ZM[N] @ @ [In]) = 18, T, sule = (dim(C1)) " Fzg o) (T,

Therefore,

M= Y (1_1

J1€._7Q1 ..... s JIn Gjan

) (dim(C1)) ' Fze (o) (Ty......)

=
=
=

(dim(Cy)) " > (

(Jq)> Fzo)(Ty,,....5.)
J1€TJay s In€Tan
= Tz5(c)(M, ),

where the last equality is the definition of 7z ) (M, Q), see Formula (B.3)).

Appendix A. The crossing and braiding of the graded center

In this appendix, we summarize the construction of the canonical crossing and
braiding of the G-center of a G-graded category, referring to [I0] for details. We
formulate these constructions for the class of nonsingular G-graded categories over
a commutative ring which includes the class of G-fusion categories over a field.

A.1. Nonsingular graded categories

A monoidal category is pure if f ® idx = idx ® f for all object X and all endo-
morphism f of the monoidal unit 1. In a pure pivotal category, the left and right
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traces of endomorphisms are ®-multiplicative. By [12, Remarks 4.2.2], a k-linear
monoidal category with simple monoidal unit is pure. Note also that the G-center
of a pure G-graded category is pure.

An idempotent in a category is an endomorphism e of an object such that e2 = e.
An idempotent e : X — X splits if there is an object E and morphisms p: X — F
and q : F — X such that gp = e and pq = idg. Note that such a splitting triple
(E,p,q) of e is unique up to isomorphism. A category with split idempotents is a
category in which all idempotents split.

Following [10], a G-graded category C is nonsingular if it is pure, has split
idempotents, and for all & € G, the subcategory C, of C has at least one object
whose left dimension is invertible in End¢(1).

Any G-fusion category C over k is pure (since its monoidal unit 1 is simple)
and both the left and right dimensions of simple objects of C are invertible in
Ende(1) =k (see [12] Sec. 4.4.2]). Also, if k is a field, then C has split idempotents.
Therefore, any G-fusion category over a field is nonsingular.

A.2. Notation

We fix until the end of the appendix a nonsingular G-graded category C over k.
Denote by £ the class of homogeneous objects of C with invertible left dimension.
This class decomposes as € = lyeq Eq, where £, = ENC,. (Note that &, # ) since
C is nonsingular.) For V € &, we set

dy = dlml(V) € Endc(]].).

By [10, Theorem 4.1], the G-center Z¢(C) of C has a canonical structure of a
G-braided category. In the next sections, we recall the construction of the crossing
and of the (enhanced) G-braiding of Z5(C). We also compute the twist of Z¢(C).

A.3. The crossing

The crossing in Z¢(C) is constructed in three steps. At Step 1, we associate a
monoidal endofunctor of Z4(C) to each homogeneous object of C with invertible
left dimension. At Step 2, we construct a system of isomorphisms between these
endofunctors. At Step 3, we define the crossing as the limit of the resulting projective
system of endofunctors and isomorphisms.

Step 1. For any V € &, we define a monoidal endofunctor ¢y of Z4(C) as follows.
For any (A, 0) € Z5(C), the morphism

VYAYV

Tlao) = dy' €EEnde(V*@ A®V)
VYAYV

is an idempotent. Since all idempotents in C split, there exist an object EX4 s € C
and morphismspE/AU) VARV — E(‘;U) and q(‘i‘o) :E(‘;U) - VARV
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such that

Vv 1% \% \% \% .
T(a0) = dAa0)P(ae) D Da0)d(a,0) =idgy, -

When A is homogeneous, we can and always choose E(‘; ) to be homogeneous (of
degree |[V|~1|A||V]). We will depict the morphisms pE/A’U) and qXL‘J) as
By VYAYV
v
Plao) = and - g(y ) =
VYAYV Ely o

LRV 1%
By ®X = XQFE( ),

is a half-braiding of C relative to C;. Set
pv (A’ U) = (E(‘{4,0)77X4,U)) € ZG<C)
For a morphism f : (A,0) — (B, p) in Z5(C), set

% %
Ea0) E(B.p)

Then (v, (¢v)2, (¢v)o) is a pivotal strong monoidal k-linear endofunctor of Z¢(C)
such that @V(ZQ(C)) C Z|V|*1B \V|(C) for all g € G.
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The endofunctors {¢v}vee are related as follows. First, pick any U € &,,
Ve &, W e Egq with a, 5 € G. For any (A,0) € Z5(C), set

Bl o)

C(AVW dy; 1d_ ovpv (A o) = ow (A, o).

Then the family (V"W = {C(A ) } A,0)eze(c) 18 @ monoidal natural isomorphism
from ¢y v to ww. Second, pick any U € &. For any (A, o) € Z5(C), set

Ef o)

n(UA’U) = 1UYATU: (A,0) = ou(4,0).
ou

14

Then the family nV = {77([{4 g)}(A,a)eZG(C) is a monoidal natural isomorphism from
the identity endofunctor 1z c) to ¢u.

Step 2. For U,V € &, with a € G, the family §V"V = {554‘7/0)}(&0)62@(6)’ where

(Ao) ™

is a monoidal natural isomorphism from ¢y to ¢y . These isomorphisms are related
as follows: for any U, V., W € &,,

SUVEVW = sUW and  §UU =id,,.

Step 3. For a € G, the family (pv,6%V) vee, is a projective system in the category
of pivotal strong monoidal k-linear endofunctors of Zg(C). Since all §¥V’s are
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isomorphisms, this system has a well-defined projective limit

Pa = @(‘PV» 5U’V)U,V€5a7
which is a pivotal strong monoidal k-linear endofunctor of Z¢(C). We can assume

that ¢ (Z5(C)) C Z4-154(C) for all B € G. Denote by t* = {i{; }vee, the universal
cone associated with the projective limit above for V € &,,

L% = {(L%)(A,a) P (Av U) - @V(Ava)}(A,a)EZG(C)
is a monoidal natural isomorphism from ¢, to py.

The transformations ¢ and 7 from Step 1 induce monoidal natural isomorphisms
w2(, B) + pap — Ppa and @o : 1z,c) — @1, respectively. These isomorphisms
are related to the universal cone as follows: for U € &,, V € &3, W € &3, and
R € &, the following diagrams commute:

p2(a,B)

Yaps PBa lza00
U8 ep lev / \
puPv — ovw w Y1 —————> ¥R

Note that 2 and o induce natural isomorphisms @qp,-1 >~ p1 =~ 1z,) and
Ya1Pa = 91 =~ lzge) for a € G. Hence, the endofunctor ¢, of Zg(C) is an
equivalence. Therefore,

¢ =(p,02,90) : G — Aut(2¢(C)), o ¢a

is a strong monoidal functor such that ¢, (Z3(C)) C Z,-14,(C) for all o, € G.
This is the crossing of Z¢(C).

A.4. The enhanced G-braiding
For Ve &, (A,0) € Z5(C), and X € Chom, set
X EX&U)

Tlaoyx = VIATV:A@ X - X ® B, 4.
XV~

TATx
This is an isomorphism which is natural in (A, o) and in X. Also, for any U,V € &
with |U| = |V|, (4,0) € Z¢(C), and X € Chom, the following diagram commutes:
AR X

F(A% wi) <

Blao) —gagor X @ sy
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Then the transformation I' induces a family of isomorphisms

T={T4,0),x ARX = X @U(px|(A,0))} (A0)e26(C), X EChom>

which is natural in (4, 0) and in X, where U : Z¢(C) — C is the forgetful functor.
The family 7 is related to the universal cones {1*},c associated with ¢ as follows:
for any (A,0) € Z2g(C), X € Chom, and V € &),

. X
(idx ® (1 o)) T, x =Dy x-

We call the family 7 the enhanced G-braiding in Z¢(C). The enhanced G-braiding
satisfies properties generalizing that of a G-braiding. In particular, it is distributive
in each variable with respect to the monoidal product: for all (4, o), (B, p) € Z¢(C)
and all X,Y € Chom,

T(A0).xey = (dxey ® @2([Y], | X])(4,0))(dx ® Ty ¢ (4,0).y ) (T(4,0),x ®idy)
and
T(A,0)®(B,p),X — (1dX ® ((P|X‘)2<<A, 0)7 (-87 p)))(T(A,J),X & idap‘x‘(B,p)) ©
o(idA ®T(B,p),X)'

A.5. The G-braiding

The G-braiding in Z¢(C) is induced from the enhanced G-braiding. More precisely,
for all (A,0) € Z5(C) and (B, p) € Z6(C)hom,

T(A,0),(B,p) = T(A,0),B * (Av U) ® (Bv p) - (B7 p) ® P|(B,p)| (Av U)
is a morphism in Z5(C). Then the family

{74,080} (4,0)€26(0).(B.p) €26 (Chnom

is a G-braiding in Z¢(C). In particular, Z¢(C) is a G-braided category.

A.6. Ribboness of the G-center

The twist 6 of Z5(C) is computed as follows: if (4,0) € Z,(C) with a € G, then
for any U € &,

{ a(A,0)

-1
(L?/)(A,g)

(A0)

Oa,0) = (A, 0) = palA4, o).

UYAYU
ACUU®U*
T4
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Recall that Z(C) is G-ribbon if the twist 6 is self-dual (see Sec.2.1). By [10l Lemma
6.1], a necessary and sufficient condition for Z5(C) to be G-ribbon is that

ok Aoty
@ +A+|U IMU@

for all « € G, (A,0) € Z,(C), and U € &,.
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